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Abstract. We give a superconnection proof of Connes' index theorem for proper cocom- 
pact actions of etale groupoids. This includes Connes' general foliation index theorem for 
foliations with Hausdorff holonomy groupoid. 

1. Introduction 

This paper is concerned with a famihes index theorem in which the family of operators 
is parametrized by a noncommutative space which comes from a smooth Hausdorff etale 
groupoid G. The relevant index theorem was stated by Connes in Section III. 7.7, The- 
orem 12]. We give a superconnection proof of Connes' theorem. The desirability of having 
such a proof was mentioned in f^. In the case of a foliation, by taking a complete transver- 
sal, one recovers Connes' general foliation index theorem for a foliation whose holonomy 
groupoid is Hausdorff. For the history and significance of Connes' foliation index theorem 
we refer to P, Sections 1.5, II. 8-9 and HI. 6- 7], along with the references cited therein. 

For concreteness, let us first discuss the case when G is the cross-product groupoid coming 
from the action of a finitely-generated discrete group F on a smooth manifold B. In this 
case the geometric setup for the index theorem consists of a manifold M on which F acts, 
and a submersion tt : M ^ B which is F-equivariant. In addition, we assume that the 
action of F on M is free, properly discontinuous and cocompact. Put M = M/T, a compact 
manifold. (A relevant example is when M = W x S^, B = and F = Z, with the action 
of n G Z on (r, e*^) G R x S""*^ given by n ■ (r, e*^) = (^r + n, e*(^ + "")) for some a G M. Then 
M = T2.) 

There is a quotient map M B/T, which will be the intuitive setting for our families 
index theorem. In general B/T is highly singular and, following Connes, we will treat it 
as a "noncommutative space" 03. We will give a superconnection proof of a families index 
theorem in such a setting. 

Let us consider two special cases. If F = {e} then we just have a submersion M — > i? 
with M compact. In this case, the relevant index theorem is the Atiyah-Singer families 
index theorem for which a superconnection proof was given by Bismut 0]. At the other 
extreme, if S is a point then we just have a covering space M — >■ M of a compact manifold 
M. In this case the relevant index theorem is due to Miscenko-Fomenko and Connes- 
Moscovici 1^, and a superconnection proof was given by the second author |^D[. To some 
degree, the present paper combines the superconnection proofs of these two special cases in 
order to deal with general F and B. However, there are some new features, which we will 
emphasize. 

The research of the first author was partially supported by a Rackham grant from the University of 
Michigan. The research of the second author was supported by NSF grant DMS-0072154. 
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One motivation for giving a superconnection proof of Connes' theorem is that the su- 
perconnection formahsm gives a somewhat canonical proof. In particular, it expresses the 
Chern character of the index as an explicit differential form. This is one of the reasons that 
the superconnection formalism allows extensions to the case of manifolds with boundary. 
When r = {e}, this is due to Bismut-Cheeger When B is a. point, it is due to the second 
author and Leichtnam-Piazza [|T7| . Based on the present paper, it should be possible to 



extend Connes' index theorem to manifolds-with-boundary. In particular, this would give 
an index theorem for a foliated manifold-with-boundary if the foliation is transverse to the 
boundary. 

We now describe in some detail Connes' index theorem and the superconnection approach 
to its proof. Before setting up the superconnection formalism, we must first describe what 
we mean by functions and differential forms on the noncommutative base space ?B. There 
is a clear choice for a class of "smooth functions" on 03, namely the algebraic cross-product 
C^{B) X r. The choice of "differential forms" on ^ is dictated by two facts. First, if 
r = {e}, i.e. in the commutative situation, then we want to recover the smooth compactly- 
supported differential forms f2*(i?). Second, the choice should extend to general smooth 
Hausdorff etale groupoids G. This dictates that we should take the differential forms to be 
elements of n*{B, CT) = ® fi*(Cr), where fi*(Cr) is the graded differential algebra 

of noncommutative forms on CF Section 2.6], and the product in Q*{B,Cr) takes into 
account that F acts on Q*{B). 

Given these choices, we need to know that the ensuing "homology" of 03 is sufficiently 
rich. This is shown in the following theorem. Let GT^^i^e) denote the complex of graded 
traces on fl*{B,CT) that are concentrated at the identity conjugacy class in F. (Only 
these graded traces will be relevant for the paper.) We let C^{B) denote the currents on 
B and we let C*(F) denote a certain complex of differential forms on ET, described in ( p.49| ). 

Theorem 1 : The homology of GT* (e) is isomorphic to the homology of the total 
complex of the double complex ((C © C*(F)) ® C^{B)) 



r 



In particular, if 77 is a closed graded n-trace on VL*{B^ CF), concentrated at the identity con- 
jugacy class, then we obtain a corresponding cohomology class $^ G h""*"*^™*^^^ + ((i^F x i?)/F)), 
where the 2Z denotes an even-odd grading and the r denotes a twisting by the orienta- 
tion bundle of B. This shows our choice of differential forms gives the "right" answer, as 
{ET X B) /F is the classifying space BG for the groupoid G; compare the cyclic cohomology 
calculations in [§, §, Section III.2.5], |Tg, Q. 

For analytic reasons arising from finite propagation speed estimates, we introduce a 
slightly larger space of differential forms. Let || ■ || be a word- length metric on F and 
put 



B"^ = I • I '^■7 1 ^^'^^y^ faster than any exponential in || 7 || ? . (1.1) 




Put C~(fi,-B^) = B"^ ®CT {C^{B) X F). It contains C^{B) x F as a dense subset. There 
is a corresponding space of differential forms VL*{B,B'^), defined in ( [3.301 ). 
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Let us now state Connes' index theorem. Let M and M be as above. The F-covering 
M — > M is classified by a F-equivariant continuous map fi : M —>■ ET, defined up to 
F-homotopy. Let u : M ET x B he (/i, vr) and let u : M {ET x B) /T he the 
F-quotient of u, a classifying map for the action of the groupoid G on M. 

Let Z denote a fiber of the submersion n : M —* B and let TZ denote the vertical tangent 
bundle, a F-invariant vector bundle on M. There is a foliation JF on M whose leaves are 
the images of the fibers Z under vr. The tangent bundle to the foliation is TjF = [TZ)/T, 

a vector bundle on M. Choose a smooth F-invariant vertical Riemannian metric g^^ on M. 
Assume that TZ has a F-invariant spin structure, with corresponding spinor bundle . Let 

be a F-invariant vector bundle on M, with F-invariant Hermitian connection V^. Put 
V = V/T, a vector bundle on M, and put E = ® V. 

There is an ensuing F-invariant family D of Dirac-type operators which act fiberwise on 
C^{M] E). Equivalently, the family D is G-invariant. Let Ind(D) denote the index of this 
family; we will say more about it later. Let r/ be a closed graded trace on Q*{B, B^) which 
is concentrated at the identity conjugacy class. In particular, rj restricts to a closed graded 
trace on Q*{B,CT). In this situation, Connes' index theorem Section III. 7.7, Theorem 
12] becomes the statement that 

(ch(Ind(D)),r/) = [ A{TJ^)ch{V)u*^^. (1.2) 

As mentioned before, special cases of Connes' index theorem are the Atiyah-Singer families 
index theorem and the covering-space index theorem. 

The goal of the paper is to give a superconnection proof of (|1.2| ). A key ingredient will 
be the CF-vector bundle S = (M x CF)/F on M, where F acts diagonally on M x CF. 
By construction, C°°{M]S) = C^{M). The natural fiat connection V^'° on S sends 
/ G C^{AI) to df. An important part of our proof is a certain differentiation 

V°'' : C^{M) n\CT) ®cr C^{M) (1.3) 

in the "noncommutative" directions. The explicit formula for V°'^ is given in Section ^. 
The sum of V^'*^ and V"'^ is a nonflat connection 

^can . ^00^^) ^ ^10^ CT) ®a-iM).r CTiM). (1.4) 

Choose a F-invariant horizontal distribution M on M. Suppose that Z is even- 
dimensional. For s > 0, there is an ensuing Bismut superconnection on the 
submersion M —>■ B Section 10.3], Section Ilia]. Our noncommutative superconnec- 
tion is simply A, = + V°'^ Let n*{B,B'^)ab he the quotient of n*{B,B'^) by the 

closure of its graded commutator. We show that the Chern character Trs_<e> ^e""^^^ of the 

superconnection Ag is well-defined in Q*{B,B'^)ab- It is a closed form and its cohomology 
class is independent of s. The next result gives its s ^ limit. 

Let (f) G C^{M) he such that J^-yer'^ ' 't' = 1- Let TZ he the rescaling operator on 
n^''^''{B,B^)ab which multiplies an element of n^^{B,B^)ab by (27ri)~^ 
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Theorem 2 . 

lim7^Tr,,<e>(e-^') = f 0l(V^^) ch (v^) ch (V^'^") G Q*iB,B'^)ab. 



(1.5) 

The proof of Theorem 2 is by local index theory techniques. 

In order to prove (|1.2|), it remains to relate (^Tr5 <e> ^e"^»j ,77^ to (ch(Ind(i5)), 77). Let 

Co(-B) XrT be the reduced cross-product C*-algebra. A technical problem is that the Dirac- 
type operator D, when considered as an operator on a Cq{B) xir F-Hilbert module, may 
not have closed range. This problem also arises in the superconnection proof of the families 
index theorem Recall that in the families index theorem, a special case is when the 
kernels and the cokernels of the fiberwise operators form vector bundles on the base. In this 
case, one defines the analytic index to be the difference of these two vector bundles, as an 
element of the ii'-theory of the base. If the kernels and the cokernels do not form vector 
bundles then one can deform the fiberwise operators in order to reduce oneself to the case 
in which they do ||l|. 

In order to carry out this deformation argument at the level of superconnection Chern 
characters requires a pseudodifferential operator calculus Section 2d]. In our context one 
can set up such a calculus for a class of operators on Cq{B) F- vector bundles. However, 
this would not be enough for our purposes, as we would need such a calculus for operators 
on C°°{B,B'^) -vector bundles. There seem to be serious problems in constructing such a 
calculus, as C°°{B, B'^) is generally not closed under the holomorphic functional calculus in 
CoiB) x,r. 

To get around this problem, we use a method which seems to be new even in the case 



of the families index theorem. The idea, which is due to Nistor is to define Ind(D) to 
be the K-theory element represented by the difference between the index projection p and 
a standard projection pq, and then relate the Chern character of [p — Pq] to the supercon- 
nection Chern character. In order to relate the two, Nistor works in a universal setting and 
shows that a certain cyclic cohomology group is singly generated, which implies that the 
two expressions are related by a computable constant. Unfortunately, Nistor's assumptions 
do not hold in our setting and his argument does not seem to be adaptable. Instead, we 
give a direct proof relating [p — pq] to the superconnection Chern character. We show that 
the pairing of 77 with [p — pq] can be written as the pairing of rj with the Chern character 
of a certain Z2-graded connection V'. We then homotop between the connection V' and 
the superconnection Ag. Of course one cannot do so in a purely formal way, as the vector 
bundles involved are infinite-dimensional. However, we show that one can write things so 
that one has uniformly smoothing operators inside the traces during the homotopy, thereby 
justifying the formal argument. In this way we prove 



Theorem 3 : For all s > 0, 

(ch(Ind(D)),7/) = (7^Tr,,<e> (e-^') ,77) G C. (1.6) 
Equation ( |1.2| ) follows from combining Theorems 2 and 3. 

Equation ( |1.2| ) deals with closed graded traces r] on Q*{B,B'^). On the other hand, the 
geometric and topological consequences of index theory involve the K-theory of Cq{B) x^ F. 
Equation ( |1.2D is in some ways a stronger result than the analogous K^{Cq{B) x,,. F)-valued 
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index theorem, as the underlying algebra in ( |1.2| ) is C°°{B,B^) C Co{B) xi^ T. However, 
in order to obtain geometric consequences from (|1.2| ), one must consider certain "smooth" 
algebras A such that C°°{B .B"^) C ^ C Co(-B) Xr T. The requirements on A are that it 
should be closed under the holomorphic functional calculus in Cq{B) x^F, and that rj should 
extend to a continous cyclic cocycle on A. The existence of such subalgebras A is discussed 
in 1^, Chapter III] and we do not have anything new to say about it in this paper. 

We give the extensions of Theorems ^ and ^ to the setting of smooth Hausdorff etale 
groupoids. As mentioned above, our proof applies to foliations, to give a superconnection 
proof of Connes' general foliation index theorem (for foliations with Hausdorff holonomy 
groupoid). There has been some previous work along these lines. Theorem 2 was proven 
by Heitsch, using Af^^"^'^^, in the special case when t] comes from a holonomy-invariant 
transverse current to the foliation 



14 



A corresponding analog of Theorem 3 was proven 
by Heitsch and Lazarov when t] comes from a holonomy-invariant transverse current and 
under some additional technical assumptions regarding the spectral densities of the leafwise 
Dirac-type operators 



15 . In 1 



Liu and Zhang gave an adiabatic limit proof of a certain 
case of a vanishing result of Connes for foliations with spin leaves of positive scalar curva- 
ture. (Connes' result is a corollary of his general foliation index theorem.) The additional 
assumptions in |18] were that the foliation is almost-Riemannian and that the pairing ob- 
ject comes from the Pontryagin classes of the normal bundle. The adiabatic limit is closely 
related to superconnections. 

m 



The methods of 



m] and p 



have the limitation that the dimension of the pairing 
objects is at most the codimension of the foliation, as they come from the normal bundle to 
the foliation. Consequently, one misses the noncommutative features of the foliation, which 
lead to the phenomenon that the dimension of the leaf space, treated as a noncommutative 
space, can be greater than the codimension of the foliation. For example, a manifold with a 
codimension-1 foliation has a Godbillon-Vey class which is a three-dimensional cohomology 
class. One important aspect of Connes' foliation index theorem is that it allows a pairing 
between the foliation index and the Godbillon-Vey class Section HI. 6]. One would miss 
this pairing if one treated the foliation in a "commutative" way. 

Let us also mention the paper which proves ( |1.2| ) in the case when M = Z x S^, 
B = S^, the action of F on preserves orientation, V is trivial and rj corresponds to 
the Godbillon-Vey class. The method of proof of |]2^ is to represent Ind(Z)) by means of 
a "graph" projection and then compute the pairing of this projection with a cyclic cocycle 
representing the Godbillon-Vey class. 

Not all foliations have a holonomy groupoid that is Hausdorff. We expect that our results 
can be extended to the nonHausdorff case, but we have not worked this out in detail. Rele- 
vant treatments of the cyclic cohomology of an etale groupoid algebra, in the nonHausdorff 
Hi, [ini and [0]. 



case, are m 



The results of this paper are valid in the generality of a smooth Hausdorff etale groupoid 
G with a free proper cocompact action on a manifold P. For simplicity of notation, we first 
present all of the arguments in the case of a cross-product groupoid B xT. We then explain 
how to extend the proofs to general G. 
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The structure of the paper is as follows. In Section ^ we prove Theorem 1. In Section ^we 
define a class of fiberwise-smoothing operators on M ^ i? and construct their Q*{B, B^)ab- 
valued traces. In Section ^ we define the superconnection Ag and prove Theorem 2. In 
Section ^ we prove Theorem 3 and give some consequences. 

In Section ^ we give the extension of the preceding results to general etale groupoids. The 
extension is not entirely straightforward and the expressions in Section ^ would be unmoti- 
vated if it were not for the results of the preceding sections. In Subsection we show how 
in the case of a cross-product groupoid, the expressions of Section ^ reduce to expressions 
of the preceding sections. The reader may wish to read Subsection |6.1| simultaneously with 
the rest of Section |^. 

More detailed information is given at the beginnings of the sections. 
Background information on superconnections and index theory is in 0. For background 
results we sometimes refer to the relevant sections in 0, |§| or [0, where references to the 
original articles can be found. 

We thank Victor Nistor for discussions of |^ and |^|. We thank the referee for useful 



suggestions, and Eric Leichtnam and Paolo Piazza for corrections to an earlier version of 
this paper. The second author thanks the Max-Planck-Institut-Bonn and the Mathematical 
Sciences Research Institute for their hospitality while part of this research was performed. 

2. Closed Graded Traces 

In this section we compute the homology of G'T*^<e>. We show in Proposition |l| that it 
is isomorphic to the homology of the total complex of a certain double complex Zj, We then 

p 

construct a morphism from this double complex to the double complex ((C © C^{V)) ® C^{B)) . 
In order to construct this morphism, we first describe the connection V^"" on £^ = (M x 
Cr)/r, along with its Chern character. Taking M to be ET, we obtain a connection V""*", 
whose Chern character implements the morphism. We show that the morphism induces an 
isomorphism between the ii^^-terms of the two double complexes. It follows that it induces 
an isomorphism between the homologies of the total complexes. 

The material in this section is necessarily of a technical nature. A trusting reader may 
be willing to take the main result of the section. Corollary |l], on faith. To read the rest of 
the paper, it is also worthwhile to read the Important Digression of the section, which is 
labeled as such. 

Let B he a unital algebra over C. Let Q*{B) denote its universal graded differential 
algebra (GDA) [|16], Section 2.24]. As a vector space, 

n\B) = B ® {®\B/C)) . (2.1) 

As a GDA, VL*{B) is generated by B and dB with the relations 

dl = 0, (f = 0, d{ukUJi) = {dujk)uji + i-l)'' Uk (duji) (2.2) 

for G ^1^{B), uJi G Vl\B). It will be convenient to write an element uj^ of VL^{B) as a finite 
sum cjjt = ^ 6o dhi . . . dbk- Let [fl*{B), Q*{B)] denote the graded commutator of Q*{B) and 
let ^*{B)ab = [n*l^inl(is)] denote the abelianization of ^1*{B). Put fl*{B)ab = ce • 
Let HDR*{B) and HDR*{B) denote the cohomologies of the differential complexes VL*{B)ah 
and Tl\B)ab, respectively. Then HDR*{B) = HDR*{B) if * > 1, and there is a short 
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exact sequence ^ C ^ HDR^{B) — > HDR^{B) 0. Furthermore, Connes and Karoubi 



showed that HDR*{B) is expressed in terms of reduced cychc and Hochschild homology |19 
Theorem 2.6.7] by 

HDR*{B) = Ker {B : HC,{B) HH,+i{B)) . (2.3) 

If r is a discrete group and B is the group algebra CF, i.e. finite sums J2^er 
recall the calculation of HDR*{CT). It breaks up with respect to the conjugacy classes of 
F, as do the Hochschild and cyclic cohomologies of CF, and we will only be interested in 
the component HDR'^^^{CT) corresponding to the identity conjugacy class. Let H=i,(F;C) 
denote the group homology of F and let H^,(F;C) denote the reduced group homology, 
i.e. H*(F;C) = II^,(i?F, *; C). Then it follows from Burghelea's work that the reduced 
Hochschild and cyclic homologies of CF, when considered at the identity conjugacy class, 
are 



M,,<e>(CF) ^H,(F;C) and 

m,<e>(CF) - 0H,_2.(r;C), (2.4) 



j>0 



with the map B : HC^,^^e> 

(CF) ^ HH^+ i^<e>(CF) vanishing |[T9| , Section 7.4]. Hence 



HDR*,^,{CT)^r^^'^^^ , if* = 0, 

\e,>oH*-2.(r;C) if*>0. ^ ' 

If ;B is a locally convex topological algebra then there is a natural completion of the 



algebraic GDA Vt*{B) to a locally convex GDA [16, Section 5.1]. For simplicity of notation, 
when the context is clear we will also denote this completion by VL*{B). We will also denote 
by Vt*{B)ab the quotient of Vt*{B) by the closure of [VL*{B),Vt*{B)], where the quotienting 
by the closure is done in order to obtain a Hausdorff space. In general, we take the tensor 
product of two locally convex topological vector spaces to be the projective topological 
tensor product and we let ® denote a graded (projective) tensor product. 

Let -B be a smooth manifold on which a finitely-generated discrete group F acts on the 
right, not necessarily freely or properly discontinuously. Given 7 G F, let R^ G Diff(i?) 
denote the action of 7 on B. We let F act on C^i^B) on the left so that 7 ■ / = -R^/, i.e. 
(7 ■ f)ip) = fib'j). Given 7 G F, let i?"^ denote the subset of B which is pointwise fixed by 
7. Given b & B, let F;, C F be the isotropy subgroup at b for the action of F on B. 

Let C^{B) XI F denote the cross product algebra, whose elements are finite sums J^-y^r fili 
with G C^{B). We wish to define an appropriate GDA whose zeroth-degree component 
equals C^{B) xi F. One's first choice might be the universal GDA n*{C^{B) xi F). The cor- 
responding de Rham cohomology is expressed in (|2.3|) in terms of the cyclic and Hochschild 
homologies of C^{B) x F. Now such homologies have been computed in p. Section HI. 2. 5], 



0, and |TT|] in cases of increasing generality. In particular, the periodic cyclic cohomol- 
ogy of C^{B) X F contains a factor consisting of the twisted equivariant cohomology of B. 
This implies that the space of closed graded traces on Q*{C^{B) x F) is sufficiently rich for 
our purposes. 

On the other hand, the choice of Q*{C^{B) xF) as the GDA is inconvenient from the point 
of view of superconnections. In the case when F is the trivial group, and one is dealing with 
a fiber bundle M —>■ B, the usual superconnection formalism uses the graded differential 
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algebra Q*{B). It appears that it would be quite cumbersome to redo the superconnection 
proof of the Atiyah-Singer families index theorem using the noncommutative differential 
forms n*{C^{B)) instead of n*{B). 

For this reason, instead of using Q*{C^{B) x F) as the GDA, we replace it by an appropri- 
ate quotient. By universality, there will be a map from the closed graded traces on the quo- 
tient GDA to the closed graded traces on Q*{C^{B) xi F). We want this map to have a suffi- 
ciently large image. It turns out that an appropriate GDA is Q*{B, CF) = Q*{B)^fl*{CT), 
the graded algebraic tensor product over C, where the multiplication in Q*{B, CF) takes into 
account that CF acts on n*{B). Then n*{B, CF) is a GDA, with Q^{B, CF) = C^{B) x F. 

We wish to compute the homology of the complex of graded traces on Q*{B,Cr), or 
at least the part of the homology which is concentrated at the identity conjugacy class. 
Let GTn. <e> be the graded traces on Q*[B,CT) which are concentrated on the elements 
E7o,...,7„:7o-...-7n=e^7o,...,7n7o c?7i---c?7n- Let : G'r„,<e> ^ GT„-_i,<e> bc the boundary 
operator. A closed graded trace is an element of Ker((i*). 

Consider the space of maps : F'^^^ C. We now define certain operators that arise 



in the computation of the cyclic homology of CF |jT6|, Section 2.21]. Namely, put 

(ii")fc(7o,7i, ■ ■ ■ ,7fc) = (-1)^ 7-fc(7i, . . . ,7fc,7o), 
(5ir)fc+i(7o, . . . , 7fc+i) = rfc(7o, . . . , 7i-i, 7i, 7i+i, • • • ,1k), 
(crir)fc_i(7o, . . . , 7fc-i) = rfe(7o, ... ,7^,7^,... , 7fc_i), 

(Sor)fc-i(7o, • • • ,7fc-i) = rfc(7fc_i,7o, . . . ,7fc-i)- (2.6) 

Put 

k 

{brh^, = Y,{-iy (5.r)fc+i. (2.7) 

1=0 

The operator B^b + b Bq acts by 

{{Bob + bBo)T)k{'jo,... ,7fc) = n{lo, ■ ■ ■ ,1k) - {-if Tk{-ik,lo, ■ ■ ■ ,lk-i) 

+ (-l)'=rfc(7fc_i,7o,... ,7fc_i). (2.8) 

Let C^{B) be the currents on B. We denote the pairing of u E ^c(-^) with c G C^{B) 
by {uj,c). The de Rham boundary d : C^{B) C*_i(i?) satisfies {duj,c) = {uj.dc). The 
action of F on C*(-B) is such that (7 • a;, 7 ■ c) = {uj, c). 

Let C'^(F) be the vector space of C- valued functions on F'^"*'^. Let Ck,i be the elements 
Tk G C^iV) eg) Ci{B) which are normalized in the sense that {aiT)k-i = for all < i < k, 
and which are F-invariant in the sense that 

TkillO, ■■■ , Ilk) = 1 ■ Tkilo, ■■■ ,1k)- (2.9) 

Put Cn = @k + i = n^k,i- The operators (9, b and Bq can be defined on C^^^ in the natural 
way. Let Zj, ,^ be the double complex given by 

Tk,i = Ker(6) n Ker(65o + Bob) C Ck,i (2.10) 
with boundary operators (— 1)' i?o and d. 
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Proposition 1. The vector space GTn^^e> is isomorphic to + ; = „ 'Tfc,/- Under this iso- 
morphism, the action of on GTn^<e> is equivalent to the action of d + (—1)' Bq on 

Proof. Given r G C^, write it as r = 'Yjk=o'^k, with G Ck,n-k- We obtain a linear 
functional on Q*{B,Cr), which is concentrated at the identity conjugacy class, by the 
formula 



^^(t^ 7o(i7i . . . d-fk) 



{uj, rfc(7o, 7o7i, • ■ ■ , 7o • • • 7k-i, e)) if 7071 . . . 7fe = e, 
if7o7i...7fc ^ ^-[2.11) 



Conversely, all linear functionals on Q*{B, CF), which are concentrated at the identity con- 
jugacy class, arise in this way. 

\E't- will be a graded trace if and only if it satisfies 

^r(7t^7oc?7ic?72- • -c^Tfe) = ^r(t^ 70(^71 c?72 ••• "^Tfc 7) (2-12) 

and 

^^,(rf7fccj 70^71 d72...rf7fc_i) = ^,(cJ7orf7irf72...rf7fe). (2.13) 



Equation (|2.12|) is equivalent to 

^^((7 ■ u) 77o d-fid-f2 . . . d-fk) = ^r(t^ [7oC?7i'^72 • • • c?(7fc7) - 7oC?7i'^72 • • • rf(7fc-i7fc)'^7) 

+ . . . + (-!)'• 7o7i ^72... d^kd^]). (2.14) 

This is equivalent to 

(7 ■ ^, ^(770, 77o7i, • • • , 77o • • • Ik-i, e)) = 

{uj, r(7o, 7o7i, • • • , 7o • • • Ik-i, e) - r(7o, 7o7i, • • • , 7o • • • 7fe-2, 7o • • • 7fc, e) + . . . + 
(-l)'=r(7o7i,... ,7o...7fe,e)), (2.15) 

which is equivalent to 

^(70, 7o7i, • • • , 7o • • • 7fc-i, 7o • • • 7fc) = 

T"(7o, 7o7b • • • , 7o • • • 7fc-i, e) - r(7o, 7071, ... , 70 • • • 7fe-2, 7o • • • 7^, e) + . . . + 

(-1)^(7071,- •• ,70... 7fc,e), (2.16) 

which is equivalent to 

= (-I)'' [r(7o7i, . . . , 70 . . . 7fc, e) + . . . + (-l)''^^ r(7o, 7071, ... , 7o . . . 7fc-2, 7o . . . 7fc, e) + 



(-1)'' ^ ^(70, 7o7i, ... , 70 . . . 7fc-i, e) + (-1)'' ^ r(7o, 7071, ... , 7o . . . Ik-i, lo ■ ■ ■ 7fc)] . 

(2.17) 

After a change of variable and using the F-invariance of r, this is equivalent to br = 0. 
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Next, 

(-l)l'^l *^((i7fcu;7orf7iC?72---c?7fc-i) = ^'r((7fc " c^Tfc 7o'^7i'^72 • • • c?7fc-i) = 
^r((7fc ■ t^) c?(7fc7o)c?7iC?72 • • • c?7fc-i) - ^Ailk ■ 7fc ^^70^71^^72 • • • c?7fc-i) = 
(7fc ■ c^, T-fe(e, 7fe7o, 7fc7o7i, • • • , 7fe7o • • • 7fc-2, e)) 

- (7fc ■ u, Tki'jk, 7fc7o, 7fe7o7i, • • • , 7fc7o • • • 7fc-2, e)) = 
{u, rfc(7o . . . 7fc-i, 7o, 7o7i, • • • , 7o • • • 7fc-i) - nie, 70, 7o7i, • • • , 7o • • • 7fc-i))- 

(2.18) 



Thus (|2.13|) is equivalent to 

Tkilo ■ ■ ■ 7fe-i, 7o, 7o7b • • • , 7o • • • 7fc-i) - ^fe(e, 70, 7o7i, • • • , 7o • • • 7fc-i) = 

(-l)'''"^ rfc(7o, 7o7i, • • • , 7o • • • 7fc-i, e)- (2.19) 
By a change of variables, this in turn is equivalent to 

nigk~i,go,gi, ■ ■ ■ ,gk-i) - Tk{e,go,... ,gk~i) = 

{-lf-'n{go,... ,gk-i,e). (2.20) 
Using the F-equivariance, this is equivalent to 

n{gk-i, go, gi, ■ ■ ■ ,gk-i) - Tk{gk,go,-- - ,gk-i) = 

i-l)''-'Tkigo,... ,gk-i,gk), (2.21) 

which, from (2.8), is equivalent to {Bob + &-Bo)t = 0. 

Finally, given r G C"=(F) ® Ci{B), let 70 ^71 . . . d-fk' be an element of fi''(5) gfi'='(CF). 
Then 

(ci*^^)(u; 7o d7i . . . c?7fc/) = ( dcj 70 ^71... c?7fc' + (-1)'' uj d'jo . . . djk' 



(2.22) 

If A;' = A; and /' = / - 1 then 

(rf*^'^)(t^ 7o c?7i . . . d'jk') = {duj, r(7o, 7o7i, • • • , 7o • • • , 7fc-i, e)) 

= 5^(70, 7o7i, • • • , 70 • • • , 7fc-i> e)) 

= ^a,(cJ7orf7i...d7fc/). (2.23) 

If A;' = A; - 1 and /' = / then 

(rf*^'^)(Li;7o ^71 . . .d7fc/) = (-1)'' (u;,r(e,7o,... ,7o...7fc'-i,e)) 

= (-1)'' (5o^)(7o,--- ,7o- • •7fc'-i,e)) 

= ^(_iys„,(^7oc/7i---c?7fc')- (2.24) 

This proves the proposition. □ 

From Proposition |l], ( p.7|) and (2.8), we see that any antisymmetric group cocycle for F, 
which takes values in the closed currents on B, gives a closed graded trace on Q*{B, CF). In 
this way, we have a map H'^(F; Zi{B)) — > IIjt4.i(G'T*^(e), c^*)- In particular, if A; = then we 
obtain closed graded traces on Q*{B,Cr) from F-invariant closed currents on B. We now 
use Proposition |I| to describe all of the homology of the complex GT* ^e)- 
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Consider the ii^^-term of the double complex T^ ,,. That is, E\ ^ is the k-th. homology group 
of the complex T^^^i with respect to the differential (—1)' -Bo- We first want to compute this 
homology group. To do so, we follow the general method of proof of [^, Section III.1./3, 
Theorem 22]. We fix / for the moment. 

Let us define operators 6', A and B on C*(r) ® Ci{B) by the usual formulas 

fc-i 

k 
1=0 

B = ABq. (2.25) 

(The "-B" in this Connes 5-operator should not be confused with the manifold B.) 

Lemma 1. Acting on C^^i, we have Ker(6) fl Ker(i?o) = Ker(6) fl Ker(l — t). 

Proof. If r G C,,, and (1 - t)r = then B^t = 0. Thus Ker(6) n Ker(l - t) C 
Ker(6) fl Ker(i?o). On the other hand, the identity b' Bq + Bq b = 1 — t shows that 
Ker(6) n Ker(fio) C Ker(6) n Ker(l - t). □ 



Lemma 2. An element t G 7^ / lies in the image of Bq : T^+i^/ — > Tk^i if and only ifr = B(j) 
for some (p G Ker(6) C Ck+ij- 

Proof. Suppose that r G Tk^i satisfies r = Bqc/) for some (p G Tk+i^i. Then Bqt = 0. By the 
previous lemma t = tr and so r = At — ^ 



k+l k+1 

Now suppose that r G T^^i satisfies r = Bcp for some G Ker(6) C Ck+i^i- Put 

e = 5o0 - -^r. (2.26) 

Note that i?o<^ G Ker(i?o) C C^^;. Also, as r = B(j), it follows that t = tr which, along with 
the fact that r G 7^ ;, implies that r G Ker(i?o). Hence G Ker(i?o) C C^^i. As AG = 0, 
we can write Q = ip — tip where ip G Ker(_Bo) C C^^; is given hj ip = — X]i=o^ 
Then 9 = (1 - t) = (6' + 5o 6) = 5o6^. Put 0' = - 6^. Then from ( ^ ), 
T = (A; + 1) Bo(p'. Furthermore, b(p' = b{<p - bip) = b(p = and {k + 1) bBQ(p' = br = 0. 
Hence cp' G T^+i This proves the lemma. □ 

Put 

Cl{T; Ci{B)) = Ker(5o) H Ker(5o6 + bB^) C Cfe,^. (2.27) 

From (2.6) and (2.8), the elements of Cf(r;C;(i?)) can be considered to be cyclic cochains 
which are reduced if /c > 0. Put 

Zl{V-Ci{B)) = Ker(6 : Cl{V-Ci{B))^Ct^\V-Ci{B)), 

Bl{V-Ci{B)) = lm{b : C',-\T- QiB)) ^ C',{T; QiB)), 

Hl{T-Qm = Zl{T-QmiBl{T-Qm- (2.28) 
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We define the Hochschild objects CH''{T; Ci{B)), ZH^{V- Ci{B)), BH^{V- Ci{B)) and HH''{T; Ci{B)) 
similarly, but without the cyclic condition. The Connes -B-operator induces a map B : 
HH'iT;Ci{B))^H',-\T;Q{B)). 

We now prove a result which, when i? is a point, amounts to the dual of ( |2.3| ), when 
applied to B = CT and considered at the identity conjugacy class. 



Lemma 3. There is an isomorphism 

R'iZ^i) - H',iT;CiiB))/lmiB : HH''+\T;QiB)) ^ H',iT;CiiB)). 



(2.29) 



Proof. By Lemma |T], Ker(i?o) C T^ i is isomorphic to Z^lT; Ci{B)). By Lemma ^ 

Im(5o : = lm{B : ZH'+\T;Ci{B)) ^ Tj^^i) . (2.30) 

Also, 

E^(r; Ci{B)) C Im (5 : ZH^^+^T; Ci{B)) , (2.31) 

as if r = bip with iP G Cl~\T;Ci{B)) then iP = BiP' for some ip' G CH''{T;Ci{B)) g 
Section Corollary 20], and so r = bBip' = — Bbip'. The lemma follows. □ 

Let H*(r; C;(-B)) denote the group cohomology of F with coefficients in the F-module 
Ci{B). Let H iT;Ci{B)) denote the reduced group cohomology with coefficients in Ci{B). 
That is, let -E'r(o) be the set of vertices in ET. Then H (F; Ci{B)) is the cohomology of the 

complex {C*{ET,ET^o))®^Q{B)f. 

We now give a result which, when i? is a point, amounts to the dual of (2.4). 

Lemma 4. 

, fH°(F;CK5)) z/fc = 0, , ^ 

^ ^ \w{T-Ci{B)) ifk>0 ^ ' 

and 

w . ^^ fH°(F;C/(5)) z/fc = 0, , , 

H^(T;Ci(B)) ^ { -feV 2.33 

le.>oH (r;Q(5)) zfk > 0, 

wzthB : /Jif'^+i(F;G(5)) ^ iJ^(F;G(5)) vanishing. 

Proof. The proof of this follows algebraically from the method of proof of (2.4). That is, we 
have the same sort of cyclic structures. We omit the details. □ 

Putting together Lemmas ^ and ^, we have shown 

Proposition 2. The E^-term of%^^, is given by 

^1 ^ fH°(F;G(5)) ^fk = 0, 

\e,>oH'-'^(F;a(5)) ifk> 0. ^ ■ ' 

Clearly the differential dli : El^ ^ El is induced from d. 
Important Digression : To digress for a moment, let M be a smooth manifold on 
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which r acts freely, properly discontinuously and cocompactly. Put M = M/F, a closed 
manifold. We construct a connection 

^can . c^0^^ ^ ^1^^^ ®c^^^,^^T (M) . (2.35) 

Let us note that 



^ ^ ^ (2f36) 



is isomorphic to fiJ(M) © (^r]i(Cr) Ocr C^{M) 

Lemma 5. 0, Prop. 9] Let h e C^{M) satisfy 'Z^er'y ' h = I. Define V^'*" by 

yean J = d^f J2d-f(E) h{j-^ ■ f) (2.37) 

for f G C^{M). Then V^"" is a connection on C^{M). 
One sees that 

(V^"^")^ e Hom^^^(,^)^, (M), Q\M, CP) ^a-m^r CTW) (2.38) 

acts on C^(M) as left multiplication by a 2-form G which commutes with C^(M) x P. 
Explicitly, 

Q = rf^(7 ■ h) d-f 7"^ - J2 (77' ■ ^) (7 ■ ^) ^7 ^7' (77')"^ (2-39) 
7er 7,7'er 

= - E^'^(7"'-^)7"'^7 - E iMr'-h)iiir'-h)iwr'd^d^'. 

7Gr 7,7'6r 

Note that if P is infinite then does not lie in fi^(M, CP), as the sums involved are infinite. 
Nevertheless, it sends C^{M) to Q'^{M,C^) ®c-(M)xr C'c°°(^)- 

ch(V^'^") = e- ^ G End^.(j^ (^*(^' CP) (^c-m^r CTW) • (2.40) 

Then the abelianization of ch(V'^'^"') is closed. This can be seen by writing = dA — A^, 
where 

^ = ^^7/^7-1 = - E(7"^ ■ ^) 7"^ ^^7- (2-41) 

7Gr 7er 

Then dQ = - [0,A] and rfch (V"") = - [ch (V "''"), A]. Also, the cohomology class of 
ch(V'^""') is independent of the choice of h. 

In the construction of ch (V™"), we can allow /i to be a Lipschitz function on M (see pO| , 
Lemma 4] , where ch (V™") is called Uh) ■ Let ET be the bar simplicial complex for P (with 
degenerate simplices collapsed Chapter 1.5, Exercise 3b]). We formally replace M by 
ET. There is a complex Q*{Er) of C- valued polynomial forms on ET defined as in p6|, p. 



297]. Let j G C{ET) be the barycentric coordinate corresponding to the vertex e G ET pO 
(94)]. Then J^-yer'^ ' J = 1 05 Lemma 5]. (The support of j may not be compact, but 
this will not be a problem.) Define V""™ as in ( ^.37| ), replacing h by j. 
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Let ch (^V""™) = e~ ^ denote the explicit form constructed using j. Then ch (^V""™) hes 



m 



(2.42) 



fc=0 1=0 



Looking at the formula for ch (V™™), we see that in fact it lies in 



n 

k=0 



1=1 



(2.43) 



Let T] e ®a+b=n ® Cb{B) be a graded n-trace on Q*{B, CF). We can pair ch (V™) 

and ?7 with respect to CP, to obtain 



[Z^ET) ® a-fc(5)) ©0 (^^'"'(i^^r) ® C^^k-i{B)) 



(ch (V"™") , r/) G , , ^ , , 

fc=o ' ' 'J (2.44) 

End of Important Digression 

Lemma 6. The element constructed in ( ^-44 ) ^■5 T -invariant. 

Proof. With respect to ( |2.42| ), let us write ch (V™™) in the form ch (V""™) = ^^uJi^ u}[, 
with Ui e Vt*{ET) and uj[ G i7*(Cr). As 6 commutes with L, it follows that for all 7 G F, 

(2.45) 



^Ui® u[ = ^(7 ■ u;i) ® 7 u;,' 7 \ 

i i 

Given e f^c(-^); can define the pairing ((ch (V""™) , r^), 0) G fi*(i?F). Then for any 

7eF, 

((ch(V""™),r/),7-0) = 5^o..r?(7-0gc.:) 



= J^7-^i^/(7-</'®7^h 

i 

i 

= 7 ■ ^ ([7, (0 ® 7"^' 

i 
i 

= 7-((ch(V""»),r^),0). 

This proves the lemma. 

Equivalently, define a complex C*(F) by 

00 

Cfc(F) = Z'^iET) © 0fi'^-2i^^r) 



® ^0 



(2.46) 
□ 



(2.47) 



z=i 
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with the natural chain map of degree —1. Then 

(ch(v""™),r/)G (c,(r)®a(5))r. 
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(2.48) 



a+b=n 



To take into account the normalization of fi*(Cr), let -Er(o) denote the vertices of ET and 
put 



Cfc(r) = Ker Iz'^iET) © ^Q^-^'iET)] ^ lz''{ET^o)) ® 



k-2l 



1=1 



1=1 




Consider the complex C © C*(r), where the factor C is in degree zero. Then pairing with 
ch (V""™) gives a linear map from the graded traces on fl*[B, CF) to the total space of the 
double complex ((C © C,(r)) © C4B)f . 

Lemma 7. Pairing with ch (V""™) gives a morphism from the complex of graded traces on 
n*(B, Cr) to the total complex of the double complex ((C © C*(r)) © C*(i?)) . 

Proof. Given G Q^^B), we have an equality in Q*{Er) : 

rf((ch(V™™),r/),0) - ((ch(V""^''),r^),t/0) - ((ch (V""-) , d*r^), 0) = 

{{dch (V"™^) = (([ch (V"™^) , A] ,r^),0). (2.50) 



Let us write ch (V^ 



c<jj © Lu'- and A = '^i ® '^'j^ with cjj, aj G i7*(i?r) and 



cj^, a'- G fi*(Cr). Note that ch (V 
we can assume 

[ch (V™'") , A] 



and y4 are concentrated at the identity conjugacy 



class of r, so we can assume the same about u'^ and a'j. Then 



± "^ujiaj © K',a^-]. (2.51) 



Hence 



(([ch(V"-''),A],r/),0) = ± J^cu.a, (K',0©a;.],r/), 



(2.52) 



which vanishes as r/ is a graded trace. The lemma follows. □ 

We note that by the construction of C*, the _E^-term El ^ of the double complex ((C © C^,(r)) 

i.e. the k-th homology of ((C ©C*(r)) © Ci{B)^ with respect to the differential of C © 
C=K(r), is isomorphic to (|2.34|) . 

Lemma 8. Pairing with ch (V"™'') induces an isomorphism from the E^-term of the double 
complex Zi=,* to the E^-term of the double complex ((C © C*(r)) © C*(i?)) . 

Proof. For simplicity of notation, we only address the case when > 0. Consider first the 
component H (r;C;(i?)) of the i^^^term of the double complex T^^^. It follows from 
Proposition 13] that pairing with ch (V""™) induces an isomorphism from this component to 
the corresponding component of the E\ pterm of the double complex ((C © C*(r)) © C*{B)) . 
Next, we remark that for both double complexes, there is a (reduced) ^-operator S : 

Ell El^2,i which sends H " (L; Ci{B)) to itself. In the case of the double complex 
this S-operator is essentially the dual of the one that acts on the right-hand-side of (|2.3|). 
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(A formula for the reduced S'-operator, as opposed to the S'-operator, is given in (55)].) 
In the case of the double complex (C*(r) (g) C^{B)) , the S'-operator is induced from the 
natural map from (Cfc(r) ® Ci{B)f to (Cfc+2(r) ® Ci{B)f . 

On the other hand, after adjusting the coefficients of its terms, ch (V""™) is S'-invariant 
pT| , Proposition 28]. Then using the known isomorphism on the H (r;Ci{B)) component 
of Ell, along with the S'-operator, it follows that pairing with ch (V""™) induces an isomor- 
phism on all of Ell. '-' 

Theorem 1. The homology ofGT^^^e>, the complex of graded traces on Q*{B,Cr) which 
are concentrated at the identity conjugacy class, is isomorphic to the homology of the total 
complex of the double complex ((C © C^{V)) ® C:^{B)^ 

Proof. By Proposition 0, the homology of GT^, <e> is isomorphic to the homology of the 
total complex of the double complex Zj,^*. We have shown that pairing with ch (V""™) gives 
a morphism of double complexes, which is an isomorphism between the ii^^-terms. The 
differentials on the ii^^-terms are both induced by d. It follows that there is an isomorphism 
between the ii^°°-terms. □ 

Using the isomorphism between the homology of GT^, <e> and the homology of the dou- 
ble complex Zi,,*, we can periodize with respect to S to define the periodic homology 
Hr''(G'T,,<e>), with * e Z/2Z. Let H;((Er x B)/r) denote the cohomology of [ET x B)/r, 
twisted by the orientation bundle of B p. Section II. 7]. Let }l^{{Er x B)/r) denote the 
cohomology relative to {ET^q^ x B)/T = B. 

Corollary 1. There is an isomorphism between H^^''(GZi, <e>) md n*^'^^^'^^^^'^'^^ (^(^£]y x 
B)/T). 

Proof. As homology commutes with direct limits. Theorem |I] implies that H^*^''(GT^, <e>) is 
isomorphic to the homology of the Z/2Z-graded complex 

Ker (^{Q*{Er) ® C,iB)f {Q*{Er^o)) ® C,(5))^) . (2.53) 

Dualizing with respect to B, this is isomorphic to the Z/2Z-graded complex 

Ker('(fi*(Er) ® Q* + ^'''^(^){B))^ ^ (^]*(E^(o)) ® fi; + 'i''^(^)(5))^' 



(2.54) 

where ^*{B) consists of the differential forms on B with distributional coefficients and with 
value in the orientation bundle o{TB). The homology of this complex is fj*"*"*^™ ^ ^^^((ET x 
B)/T). □ 

Remark : If F = {e} then the homology of the graded traces on ^*{B) is the homology 
of the currents on B. If i? is a point then the homology of the graded traces on f2*(Cr) is 
essentially the group cohomology of F. In order to put these together into one object, we 
have used Poincare duality to convert the homology of B into the twisted cohomology of 
B. In this way we write the periodic homology of graded traces on Q*{B, CF) in terms of 
the twisted cohomology of {ET x B)/V. However, this uniform description only exists after 
periodizing, because of the grading reversal in the Poincare duality. For the unperiodized 
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homology of graded traces, we must use the setup of Theorem |l|. 

The closed graded traces coming from (C ® C*(i?))'" are also relevant; they correspond 
exactly to the homology of the F-invariant currents on B. In general, forgetting about 
reduced cohomology, we have constructed a map which sends a closed graded n-trace rj on 
n*{BX^) to an element G H^+dim{i?)+2Z((^p ^ ^y-^). 

3. FiBERWiSE Operators and Traces 

In this section we first consider smoothing operators on M which act fiberwise, preserve 
compact support and commute with T. We define a C^(i?)-valued trace Tr<e> on such 
operators. We then make various extensions of Tr<e>- First, we extend it to an Q*{B, Cr)^;,- 
valued trace on form- valued operators. Next, we extend it to a supertrace on operators on 
Z2-graded vector bundles. Finally, we extend it to an Q*{B, B'^) ab-v^^'^^d trace on smoothing 
operators whose Schwartz kernels have sufficiently rapid decay. 

Let M be a smooth manifold on which F acts freely, properly discontinuously and co- 
compactly. Put M = M/T. Let S be a smooth manifold on which F acts, not necessarily 
freely or properly. Suppose that there is a F-invariant submersion vr : M ^ B, a fiber of 
which we denote by Z. Then M is foliated by the images of Z under the map M — > M. 
That is, given b E B, put Z^ = 7r^^(6). Then the corresponding leaf of the foliation JF is 

Zt/Tt C M/F. _ _ 

Let TZ denote the vertical tangent bundle of M — > S, a vector bundle on M. Let g^^ 
be a F-invariant Euclidean inner product on TZ. Give Zf, the corresponding Riemannian 
metric and induced metric space structure d. As F acts cocompactly on M, preserving 
the submersion structure, it follows that {Zi,}i,^b has bounded geometry. That is, there is 
a uniform upper bound on the absolute values of the sectional curvatures, and a uniform 
lower bound on the injectivity radii. Let dvolz denote the Riemannian volume forms on the 
fibers {Zi,}beB- 

An element K of End(7^(B)xir (C^(M) j has a Schwartz kernel K(z,w), with respect to 



its fiberwise action, so that we can write 



iKF)iz) = I Kiz,w)Fiw)dvo\z^^^^iw). (3.1) 



for F e C~(M). 

Definition 1. EiadQoo(^B)xir {c!^{M)j is the subalgebra of Endc^^B)>ir (^C^{M)^ consist- 
ing of elements K with a smooth integral kernel in C°°{M x b M). 

Note that for each b & B and each w G Z^, the function Kyj{z) = K{z,w) has compact 
support in z. To simplify notation, if i^' G End^oo(5)><ir (^C*^(M)j then we will write the 
action of K on C^{M) by 

{KF){z) = I K{z,w) F{w) dvolz (w). (3.2) 
Jz 
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That is, denotes fiberwise integration. The convolution product on End^oo(5)^r (^C'^(M) 
is given by 

{KK'){z,w) = I K{z,u) K{u,w) dvolziu). (3.3) 

In this way End^oo(£)xir (^C'^(M) j is an algebra over C, possibly without unit. 

Let (j) G C^{M) satisfy E^erT • = 1. Given K G End^a.^B)>,r {c^iM)^ and 6 G B, 
put 



Tr(ir)(6) = 5Z 0Hir(w7"\u;)dvolz,H^7- 



(3.4) 



From the support condition on K, TT{K){b) G CF;,. 

To express the range of Tr in a better way, let {B"')'^ be the complex- valued functions on 
B'^. There is an inclusion (S^)*^ C B'^ coming from extension by zero. Then ^^^j-iB'^)'^ 7 
is an algebra, as a subalgebra of B'^ x F. Put 



Consider Tr from 

Proposition 3. Tr : End^c»(B)>,r ^ (0^er(^^)'^ 7) ^ a trace. 

Proof. Let {O^} be the orbits of F in S and let G Oq, be representative elements. Put 
(CFfe^)^j = [cr^^cTj, ] • Then there is an isomorphism 

I--(®iB^fl] -n(Cr,J,,. (3.6) 

\7er y^fe 

Namely, given 7 G F and / G {B'^)'^, 

nifi]) = n E f(b)WM)-^ (3.7) 

where 7^ G F is such that b = ba'y'h- Under this isomorphism, we obtain 

w) K{wj-\w) dvolz.iw)^ K7(76)"']- (3.8) 

Thus it is enough to show that for each a, if we put 

UTriK)) = <l>HK{wr\w)dYo\z,{w)]wM)-'] (3.9) 

then I^{Ti{KK')) = I^iTiiK'K)). 



™) = nEE(/ 
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Let {7/3}^! be a sequence of elements of T such that rfe^\r = {^bal/BypLi- Then writing 

b = ba'jp and 7 = 7^^ 7^ jp, 



<w)ir(ti;7^ 7„ 7/3,w) rfvolz,^^^(u;) J [7^] 
E E 0(^7/5) i^(^7^\^)^volz,J^)j [7a] • (3.10) 



Define (pa e by = Zl^i 0(^7/3)- Then I]^^gr6„ 7a • 0a = 1 and 



4(Tr(K)) = 5^ I f <Paiw)Kiw^-\w)dvo\z,Jw)][^a]. (3.11) 

It now follows from |2^, Prop. 7] that /„ o Tr is a trace. (The formula in 12^, Prop. 7] is 
slightly different because considers function spaces to be right F-modules instead of left 



F-modules.) This proves the proposition. □ 
One can show that Tr is independent of the choice of (p. 

We can decompose Tr(i^) according to the conjugacy classes of F. In particular, the 
component corresponding to the conjugacy class of e G F is 

IV<,>(ir)(6) = ( [ <p{w)K{w,w)dYo\z,{w)]. (3.12) 



We see that Tr<e> is a trace on End^oc(^)xir (^C'^(M) j which takes values in the co-invariants 

We will need some slight extensions of Tr. First, consider the Z-graded algebra 

Hom^^(^),r (c^iM), Q*iB, CF) ®c-(B)xr C^{M)^ (3.13) 



consisting of elements of Homc-oo xiP yO^{M), ^1*{B,CT) 0c^{B)yir C^{M)j with a smooth 

integral kernel. An element of Hom^c«(B)>,r {c^{M), (^^=(5) ® ^]'(CF)) ®c-(B)xr C^{M) 
can be represented finite sum 

K= dgi...dgiKg,^...,g„ (3.14) 

where Kg^ has a smooth integral kernel Kg^ g^{z,w) G A''{T*^^^B). It acts on C^{M) 
by ' ' 

{KF){z) = y2 dgi...dgi ( [ Kg,,„„g^{z,w)F{w)dYolz{w)] . (3.15) 
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Then we define Tr to act on Homg'c»(B)>,r [C^iM), r]*(5,Cr) ®c-(B)xr C^iM)j by the 
formula 

TT{K){b) = Yl {dgi...dgi)go / <P{w) 

90,91, .■■,9ier:g,r-9;er6 ^-^^b (-3.16) 

(Compare pi (36)].) 



Example : Suppose that M = T and that B = pt. The action of F on C^{M) 

is given hj g ■ 6h = ^hg-^- There is an isomorphism of left CF-modules CF C^{M) 
which sends h to Consider ho dhi G i7^(CF) and the corresponding element K G 

Homcr(CF, ^]*(CF) ®ct CF) given by 

K{h) = h{hodhi) = d^hh^hi) e - d{hho) h^. (3.17) 

Then under the above isomorphism, K G Homer (Cc°° (M), il*(CF) ®cr C^iM)) acts by 

K{6h-i) = d{hhohi)6e - d{hho)6f^-i. (3.18) 

Thus 

Kg^{z,w) = S^-lhohi,gi S^,e - ^u,-i/io,9i (3.19) 

and 

''^^ dgi go Kg^{wgQ^ ,w) = d{w'^hohi)w — d{w~^ho) hiw = {ho dhi)w . 

90,91 (3.20) 

If = (5a; then we get 

Tr(ir)(pt.) = x~\hodhi)x, (3.21) 

which is equivalent to ho dhi in Q*{CT)ab, as it should be. 
End of Example 

As before, we can decompose Tr(i^') according to the conjugacy classes of F. In this paper 
we will only be concerned with the component of Tr(i^') associated to the conjugacy class 
of e G F, namely 

Tr<e>(i^)(fe) = {dgi ■ ■ ■ dgi) go i (piw) Kg^^,„^g^{wgo^,w) dvo\z^iw)\. 

go,gi,...,gier:go-gi=e (3^2) 

Then one sees from ( p. 221) that Tr<e> is a trace on 

Hom^^(5),P (C^{M), n*{B,Cr) ®c-(B)xr C^{M)^ (3.23) 

which takes values in Q*{B, CF)^;,. 

Next, let ii^ be a F-equivariant Z2-graded Hermitian vector bundle on M. Define 

End^^(^),r(cr(M;^)) (3.24) 

as before, except with K{z,w) G B.om{Ew, E^). Also define 

Hom^^(5)^r (M; E), n*{B, CF) ®c-{B)xr C^^iM; E)) (3.25) 
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as before, except with Kg^^^ ^gj{z,w) G A {T*i^^^B) ® Hom(£'^, Then we obtain a 
supertrace 

Tr,,<e> : Hom^oo(B)^r fe°°(M;E), CF) ®c-(B)xr (M; ^)) ^fi*(5,CrU 

^ ^ (3.26) 

by 

Tis,<e>{K){b) = (dgi . . . dgi) go i (j){w) tT,{Kg^^,„^gXwgQ^,w)) dvo\z,{w) 

go,gi,...,gi£T:g(r-gi=e ^"'^6 (3.! 

Finally, choose a finite generating set for F and consider the corresponding right-invariant 
word metric || ■ ||. Let B"^ be the formal sums ^^gr ^i"^ sy^ch. that |c^| decreases faster than 



any exponential in || 7 || (see pO|, Lemma 2]). Then is a locally convex Frechet algebra 
|pO| , Prop. 4]. The notation "a;" comes from the fact that if F = Z then B"^ can be identified 
with the holomorphic functions on C — 0. 
Put 

C°"(B,i3") = ®cr (Cr(5) >^ F), (3.28) 

i.e. the quotient of the locally convex topological vector space B^ ® {C^{B) xi F) by 
span{(a,/)-(7a,7-/)}, where a E B"^, f E C^{B) >^ F and 7 G F. Then C°°(5,0'^) 
is a locally convex topological algebra which has C^{B) xi F as a dense subalgebra. We 
can write an element of C°°{B, B'^) as a infinite sum Yljer fi 7' where the functions on B 
{7"^ • /^l^er all have support in some compact set A' C -B and have the decay property 
that for all q E Z"*", 

sup e<?ll^ll \f,{bj-')\ < 00, (3.29) 

along with the analogous statement for the derivatives of /. 

Similarly, we define a locally convex GDA Q*{B,B'^) by saying that an element of type 
{k, I) is an infinite sum J^-yo 7,er ^-yo,--- ,7; 70*^71 • • • dli, where the fc-forms on i? {(70 . . . 7z)~"^- 
|^7o,. -,7i}7o,---,7ier all have support in some compact set i^' C -B and have the decay property 
that for all q E Z"*", 

sup e^ll^°-^'ll K,...,^,(6(7o...70"')l < 00, (3.30) 
6ex,7o,...,7,er 

along with the analogous statement for the derivatives. Then Q*{B,B'^) has Q*{B,Cr) as 
a dense subalgebra. 
Put 

C^.(M) = i3"®cr Cr(M). (3.31) 

Then C^(M) is a left C°°{B, i3'^)-module. As in ||20|, Prop. 5] and using the cocompactness 
of the F-action on M, the elements of C^{M) can be characterized as the elements F E 
C°°{M) such that for any b E B, ttlq E Z^, and q E Z"*", 

sup e'"^("'"^o) \F{z)\ < 00, (3.32) 
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along with the analogous property for the covariant derivatives of /. Let End^oo(5 g^;) y-^^^ i^) 
be the subalgebra of Fjndc°°(B,B'^) (c^{M)^ consisting of elements K with a smooth inte- 
gral kernel K{z,w). Then as in |2y, Prop. 6], the elements of End^cx)(B,B") (^^^^.(M)^ can 

be characterized as the F-invariant elements K{z, w) G C°°(M x ^ M) such for any h E B 
and q G Z+, 

sup e'"^("'"') \K{z,w)\ < oo, (3.33) 

along with the analogous property for the covariant derivatives of K. The convolution 
product in End^oo(5^gi^) (^C'gii(M)j is given by the same expression as (p.3|) , and makes 
sense because of the bounded geometry of With the natural definition of 

Hom^oo(B,e^) (C^„(M), C^^M)) , (3.34) 

an element K can be written as a formal F-invariant sum ( |3.14| ). In particular, the individual 
terms have the decay property that for any 6 G i? and q G Z"*", 

sup e'?'^("''"^'-^i) A^3^,...,3,(z,w) < oo. (3.35) 

The formula ( |3.12| ) extends to a trace Tr<e> : End^cx,(B,B") [pB^i^ )^ ~^ [c°° (bb^^^c°° (b )] 
which is concentrated at the identity conjugacy class. The formula ( p.22|) extends to a trace 

Tr<e> : Rom^^^s^^Jc^^M), n*{B,B^) 0c^^B,B-)C^4M)) ^ n*{B,Bnab. 

^ ^ (3.36) 

If is a Z2-graded F-invariant Hermitian vector bundle on M, with an invariant Hermitian 
connection, then we can define End^oo(^ go;) (C^{M; E)j and a supertrace 



Tr,,<,> : Hom~^(5g.) fe(M;E), n*{B,B'^) ®c^^b,b^) C^^M^E)) ^ n*iB,Bnat. 

^ ^ (3.37) 

4. SUPERCONNECTIONS AND SmALL-S AsYMPTOTICS 

In this section we define the superconnection Ag and compute the small-s limit of the 
supertrace of e~ , thereby obtaining the right-hand-side of the index theorem. 

Let TT : M — > i? be a F-invariant submersion as in the previous section. We choose a 
F-invariant vertical Riemannian metric g^^ on TZ and a F-invariant horizontal distribution 
T^M on M. _ _ 

Suppose that Z is even-dimensional. Let £^ be a F-invariant Clifford bundle on M which 
is equipped with a F-invariant connection. For simplicity of notation, we asssume that 
E = where is a vertical spinor bundle and V is an auxiliary vector bundle on 

M. More precisely, suppose that the vertical tangent bundle TZ has a spin structure. Let 
be the vertical spinor bundle, a F-invariant Z2-graded Hermitian vector bundle on M. 
Let V be another F-invariant Z2-graded Hermitian vector bundle on M which is equipped 
with a F-invariant Hermitian connection V^. Then we put E = ® V. The case of 
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general F-invariant Clifford bundles E can be treated in a way completely analogous to 

what follows. ^ 

Let Q denote the vertical Dirac-type operator acting on C^{M; E). From finite-propagation- 
speed estimates as in Pf. of Prop 8], along with the bounded geometry of {Zf,}b(zB, for 
any s > we have 



e-^'«' G End^o.(B,i5") . (4.1) 



Let 

^Bismut . c^^M; E) -> ni{B) 0c^iB) C^{M- E) (4.2) 

denote the Bismut superconnection 0, Proposition 10.15]. In the cited reference it is con- 
structed for fiber bundles with compact fibers. However, being a differential operator, it 
makes sense for any submersion. It is of the form 

^Bismut _ + y« _ ^c(T), (4.3) 

As 

where V" is a certain Hermitian connection and c(T) is Clifford multiplication by the cur- 
vature 2-form T of the horizontal distribution M. We also denote by 

^msmut . c^^(M-E) ^ (i3- ®cr Km ®iB-^erC-m C^4M;E) (4.4) 

its extension to C^{M; E). One can use finite-propagation-speed estimates, along with the 
bounded geometry of {Zb}b(zB and the Duhamel expansion as in |Q Theorem 9.48], to show 
that we obtain a well-defined element 

G Hom^.^^^^^^(^)) fe(M;^), (fi^ ®cr KiB)) ^iB-^crC^m C^-{M;E)) • 
^ (4.t) 

We now couple to the connection V™" of Section ^ in order to obtain a super- 

connection 

As : C^4M; E) ^ ^*{B, B^) ®c^^b,b-) C^^M; E). (4.6) 

Explicitly, 

^ = sQ + V" - ^c(T) + ® hj-'- (4.7) 

Let TZ be the rescaling operator on Q^'"^"'[B, B'^)ab which multiplies an element of Q'^''{B, B^)ab 
by {2Tii)~^ . Doing a Duhamel expansion around e~ (^f"™"*)^ ^^(j using the fact that h has 
compact support, we can define 

e"^' e Hom^^(s^^.) {C^^{M-E), fi*(5,i3") ®c-(b,B") C^^M;^)) . (4.8) 

and hence also define T^-Tr^ <e> (^~^^) ^ ^*{B, B'^)ab- From the superconnection formalism 
0, Chapter 1.4], 7^Trs,<e> j is closed and its cohomology class is independent of s > 0; 

see [ll4| . Theorem 3.1] for a detailed proof in the analogous case of TZ Tr^ ( e~ (^f""""*)^ 
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Theorem 2. 

lim7^Tr,,<e>(e-^') = / 0l(V^^) ch (v^) ch (V^"^") G 9:\B,B'^)a,. 

Proof. We use a variation of the proof of 0, Theorem 10.23]. As in 0, Theorem 10.23], we 

must first estabhsh a Lichnerowicz-type formula for A^. Let {ej}f™*^^^ be a local orthonormal 

basis for TZ and let {c*}^™*-^^ be Clifford algebra generators, with (c*)^ = —1. Let {T°'}a=i^^ 
be a local basis of T*B and let E"' denote exterior multiplication by r". Bismut proved a 
Lichnerowicz-type formula for (^j[Bismuty g Theorem 10.17], namely 

i,j i,a 

\ Y.F^,{V)[E-,E% (4.10) 

where P is a certain vertical differentiation operator and G C°°{M) is the scalar curvature 
function of the fibers. Then from the formula ( |4.7| ) for As, one finds 

Al =s'V*V + ^s^r^ + ^ [c\c^] + ^F,,(t/)E°c^ + 

■ h) il ■ h) d^' (4.11) 



7-7 




We now perform a Getzler rescaling, as in p, p. 342]. Explicitly, we send d^j d^j, 
— > E^ — P —>■ E^ — s P and r" — > r". Then following 0, Proposition 10.28], one 
finds that in the rescaling limit A^ becomes 

^ s 2 

dim(Z) dim(Af) \ 

® J=l a,6=l / (4.12) 

The rest of the proof now proceeds as in the proof of Theorem 10.21]; compare |]20|, Pf. 
of Prop. 12]. □ 

Let us note that the right-hand-side of ( [4.9| ) pairs with closed graded traces on Q*{B, CP), 
and not just closed graded traces on Q*{B,B'^). In the construction of ch(V'^'*"), we can 
allow /t to be a Lipschitz function on M (see Lemma 4], where ch (V^"") is called ujh)- 
Let c : M ET be a P-equivariant classifying map for the fiber bundle M — > M. It is 
defined up to P-homotopy. As M is compact, we may assume that c is Lipschitz with respect 
to a piecewise Euclidean P-invariant metric on the simplicial complex ET. Let be a closed 

graded n-trace on n*{B, CP). Then we can describe (/^ 0(z) A (V^^) ch (v^^ ch (V^"") , rj) 
as follows. 
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First, let us dualize ( p.44| ) with respect to B to write 



r 



^^j^^ynni.^ ^ 0^a-2Z^^p)g^dim(B)-fe^^) , (4.13) 

\a+b=n 1=0 / 

where ^*{B) denotes the differential forms on B with distributional coefficients and with 
value in the flat orientation line bundle o{TB). Passing to a Z2-grading, we obtain 

(Ch (V"™^) , T]) e (fi^+dim(B)+2Z^^p X 5))^ . (4.14) 

By construction, the form that we have obtained is closed, so we have an element $^ G 

g„+dim(B)+2z^^P X Byr). 

The map (c, vr) : M — ET x B is F-equivariant and so descends to a classifying map 
z/ : M — > (£^F X B)/r. Let TjF denote the leafwise tangent bundle on M with respect to 
the foliation JF, a vector bundle on M. Put V = V/T. Then we claim that 

(/ 0(z)A(V^^) ch(v^) ch (V"'^") , r/) = / A{TJ^)ch{V)i^*% E C. 
Jz ^ ^ Jm (4.15) 

To see this, take the pairing of ch (V^"") and r] with respect to CF, to get a F-invariant ele- 
ment of fi*(M)§iC*(i?). Dualizing with respect to B, we obtain an element of Q*{M)®Q*{B). 
Applying the product {ui,U2) Ui A n*U2 to this, we finally obtain a closed F-invariant 
element of f2*(M), the latter being the differential forms on M with distributional coeffi- 
cients and with value in 7^*{o{TB)). Hence we have an element of H*(M) (where the r now 
refers to the fiat orientation line bundle o{NJ^)), which we denote by (ch (V^"") ,1]). Let 
*{A{TJ^) ch{V)) e H^(M) be the Poincare dual of A{TT) ch{V) e H*(M; M). Then the left- 
hand-side of (|l5D is the pairing between (ch (V"''") , r/) G H;(M) and *{A{TJ^) ch{V)) G 
H^M). Now we may also compute (ch (V^"^") , rj) by using the Lipschitz function c*j instead 
of h in constructing V'^"". (We may have to smooth ui before taking the product.) Then 
by naturality, (ch(V^'^") ,1]) = which proves the claim. 

5. The Index and the Superconnection Chern Character 

In this section we prove Theorem ^ relating the Chern character of Ag to the Chern 
character of the index. We define the index by means of the index projection and show that 
its Chern character can be computed by means of a connection V. We then show that the 
Chern character of the index can also be written as the supertrace of e~ ^ for a certain 
Z2-graded connection V'. 

We relate the Chern character of the index to the superconnection Chern character by 
means of a homotopy from V' to As. This is done in three cases. In the first case, that of 
finitely-generated projective modules, the naive homotopy argument works. In the second 
case, that of the families index theorem, we show that smoothing factors in the homotopy 
allow the naive argument to be carried through. In the third case, that of Theorem |^, we 
again justify the naive homotopy argument. We then give some geometric consequences of 
Theorem |^. 

Let 21 be an algebra over C and let Q* be a GDA equipped with a homomorphism 
p : 21 ^ Q^. Let £^ be a left 2t-module and let V : £ ^ ^st be a connection on £. 
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Let fi* be a subalgebra of the graded algebra Hom2t(i^,fi* Put 21 = We 

assume that Q* is closed under V and that the curvature = G Hom2i(£^,fi^ ®2t^) of 
the connection lies^n Then V extends to a covariant differentiation V : ^2* ^ on 
Q* which satisfies V^(u;) = Quj — 0. Let rj : ^7* ^ C be an even graded trace which 
satisfies r/(Vu;) = for all cD G fi*. 

As in Chapter III. 3, Lemma 9], let X be a new formal odd variable of degree 1 and 
put 

n = n®xn*®n*x®xn*x (5.1) 

with the new multiplication rules {u}iX)u}2 = oJi {XUJ2) = and (uJiX) {Xu}2) = u}iQu}2. 
Define a graded trace rj on Q by 

^{ui + Xi:;2 + ^sX + Xu^X) = + (-1)1^^1^7(^54). (5.2) 

Define a differential d on Q which is generated by the relations 

du = Vu + Xu + {-ifuX (5.3) 

and d X = 0. One can check that rf^ = and rj{diu) = for G . That is, id ,d,r]\ 

defines a cycle over 2t in the sense of p, Chapter Ill.l.a, Definition 1]. 

Suppose that 21 is unital. The cycle structure induces a map from Ko(2t) to C Chapter 
III.3, Proposition 2]. To fix normalizations, let p G 2t be a projection with corresponding 
class Ip] G Ko(2t). Then the pairing of the Chern character of [p] with rj is defined to be 

(ch([p]),^ = (27rz)-'^"^'(^)/2~^pg-pdpdp^^ _ ^5 4^ 

One can check that pdpdpp = p (Vp) (Vp) p + pQ p, which in turn equals the curvature 
of the connection p oV o p. Thus 

(ch([p]),^ = (27rz)-^^^(^)/2~j^pg-(poVop)2^j _ ^5 5^ 

This is consistent with well-known formulae if £^ is a finitely-generated projective 2l-module, 
but we have not assumed that S is finitely-generated projective. The equation extends to 
p G M„(2t) in the standard way. 

We will need an extension of this formula to the nonunital case. We suppose again that 
we have the algebra Q* and the connection V on it. In general, may not be given in 
terms of an element of Q^. Instead, as in Section 2], we make the weaker assumption 
that comes from a multiplier {l,r) of Q*. This means that I and r are linear maps from 
Q* to itself such that for all 001,002 G Q*, we have 1{ujiL02) = K^i) ^2, ^{001002) = oo\ r{u}2) 
and L0il{uj2) = r(L0i)uj2- Then we assume that = — r{uj) for some (/, r) of degree 

2. (If 21 is unital then we recover by O = /(I) = r(l), and (/, r) are given in terms of 
by /(u3) = 0u3, r(u3) = u;0.) With this understanding, pdpdpp = piVp) (Vp)p + pl{p) 
and equation ( |5.5| ) still makes sense for p G 2t. 
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Next, recall that if 21 is nonunital and SI"*" is the algebra obtained by adding a unit to 21, 
with canonical homomorphism tt : 21+ C, then Ko(2l) = Ker (^n^ : Ko(2l+) Kq^C)^. 

Thus an element of Ko(2l) can be represented as p — po with the projections p,po G M„(2l"'") 
satisfying 7r*(p) = vr^,(po) £ Mn{C). Then the equation 



(5.6) 



gives a well-defined map on Ko(2l). 



5.1. Finitely-generated projective 2l-modules. Now suppose that S = (B S is 
Z2-graded, with finitely-generated projective 2l-modules. We assume that V preserves 
the grading. Put fl* = Hom2t(£', f2*®a^)- We assume that 21 = End2t(£^) has a holomorphic 
functional calculus. For example, it suffices that 21 be a complete locally convex topological 

algeb... Put e . (; ;) a„d „ ^ (j 

Given D G }lom(n{S^ , S^) and D* G Hom2((£^^, £^+), we assume that the spectra of 
DD* and D*D are contained in the nonnegative reals. We construct an index projection 
following and |23[. Let u G C°°(]R) be an even function such that w{x) = 1 — u{x) 
is a Schwartz function and the Fourier transforms of u and w have compact support p3| . 
Lemma 2.1]. Define u G C°°([0, oo)) by u{x) = ^(a;^). Put P = u{D*D)D*, which we will 
think of as a parametrix for D, and put 5*+ = / — VD, = I — DV. Consider the 
operator 



with inverse 



= ( ) ■ (5.8) 



The index projection is defined by 



_ je + v ^ _ ( Si S4I + S^)V 
P ~ 2 ~ [S-D I -Si 



(5.9) 



Put 



We note that the supertrace Tr^ : Enda(^) — ^ 2t/[2l, 2t] is given by 

f e -\- V e + v\ f e — V e — v\ 

Tr, (M) = Tr i^-^ M -^j - Tr i^-^ M -^j (5.11) 

= Tr {p Wir^ p) - Tr (po M po) . 
Let us define a new connection on S by 

V = r^oVol — — + — — V — — . (5.12) 
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Then by construction, 

/ o V' o = (p o V o p) + ((1 - p) / o V o (1 - p)) . (5.13) 

In particular, 

Tr (^p e-(f°^°P)' p^ = Tt(^pI e'^^'^' p^ . (5.14) 
Also, from ( [5.12| ), we have 

Tr (^po e~ po^ = Tr (^po e^^^'^' po^ . (5.15) 

Using (5.11), we see that we can write ch([p — po]) the Chern character form of a 
connection on S, namely 

ch([p - po]) = 7^Tr,(e~(^')'). (5.16) 

For future use, we note that (V')+ = + V{I + S-)VD and (V)" = V". 

So far in this section we have been working with algebraic tensor products. If 21 is a com- 
plete locally convex topological algebra then it is straightforward to extend the statements 
to the topological setting. 

Lemma 9. Suppose that A is a superconnection on £. Then for any closed graded trace rj 
on IIoma(i^, ^* £), 

(ch([p - po]),v) = vich{A)). (5.17) 

Proof. In general, if {A{t)}teio,i] is a smooth 1-parameter family of superconnections on S 
then 

ch(A(l)) - ch(A(0)) = TZd ! Tr, f ^e-^W'^ dt. (5.18) 

Thus it suffices to construct a smooth path in the space of superconnections between V' 
and A, for example the linear homotopy A(f) = t A + (1 — t) V'. □ 



5.2. Fiber bundles. Let vr : M 5 be a fiber bundle with closed even-dimensional 
fiber Z . Endow the fiber bundle with a vertical Riemannian metric g^'^ and a horizontal 
distribution T^M. Let be a Hermitian vector bundle on M which is a fiberwise Clifford 
bundle, with compatible connection V^. Let S be the smooth sections of the Z2-graded 
vector bundle ti\XE) on 5, whose fiber over b is C°°{Zh; E\^). 

Take 21 = C~(5), Vt* = Vt*{B) and let be the natural Hermitian connection on £^ g 
Proposition 10.10]. Let VL* be the subalgebra of Homc:oo(5) {£^VL*[B) ®c°°(b) ^) consisting 

of elements with a smooth fiberwise integral kernel K(z,w). Put 2t = Q^, a nonunital 
algebra if dim(Z) > 0. Given a closed current rj G Zeven{B;M.), let rj be the graded trace 
on n* given by t]{K) = J^{J^ K{z, z) d\o\z). 

Let D : S~ be the vertical Dirac operator. Define the index projection p G 2t as in 

( ^.9| ). Define e and v as before. Then the index of D is defined to be Ind(D) = [p — Po] G 
Ko(2l). The Chern character of Ind(D) pairs with rj by ( |5.6| ). 
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Let us note that although p e p and po e may not individually lie in 

Q*, their difference does. For example, the component in is 

Si S4i + s+)v\ fo o\ _ f si S4i + s+)v\ 



This is related to the fact that the K-theory of a nonunital algebra is defined in terms of 
the K-theory of the algebra obtained by adding a unit. 

For s > 0, let y^^**"""* denote the Bismut superconnection on 7r\E. 

Proposition 4. (ch(Ind(L')), ^ = ^ (ch(v4f ^'""*)) . 

Proof. We can homotop from D to sD in the definition of the index projection without 
changing the K-theory class and then everywhere change sD to to easily reduce to the 
case s = 1 . Define V' as in (|5.12|) . As in the proof of Lemma we wish to homotop from 
V to and then apply ( [5.18| ). The only issue is see that the formal expressions are 

well-defined. 

First, for t e [0, 1] put 

(V')+ tD* 

Write 



A{t) = (^,)_). (5.20) 



e--^ (:::::: ::::>). 



Put 



ch(A(t)) = 7^ (Tr(s+e--^W\iS+) + Tr f D e" P (J + S^) - e'^W^a)) • 

Formally, the right-hand-side of (|^ ) equals 7^ (^Tr e" ^^'n) - Tr e-^^'^'as))- To 

see that the traces in the right-hand-side of ( p.22|) make sense, let us compute A(ty. In an 
ungraded notation, we have 

((V')+)' + t^D*D t[i\/')-,D*] + t((V')+ - iW')-)D*\ 

t[{vr,D] - - m-)D iivrr + t'DD* ^^^s) 



The term in the lower left-hand corner of ( ^.23|) is 

t[(yT,D] - t((v')+ - {V)-)D = t[{V)-,D] - tDiivy - (VT) (5.24) 

= t[V-,D] - tD{S+V+S+ + V{I + S.)V-D - V-) 
= t {S^_V-D - DS+V+S+) . 

Then modulo uniformly smoothing operators. 



Ait)' 



((V')+)' + t^D*D t[{V')-,D*] + t((V')+ - {V')-)D' 
D [((V')+)' + t^D*D)] V 



(5.25) 
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and 



^_(((V')+)2 + t2D*D) 2; 

/)e-(«^')^)'+*'^'^)p 



(5.26) 



where 



Z 



l\~u{i(v')+? + t^D*D) (^[(v')-,Z}*] + t((v')+ - {V)-)D*) 
Jo 



It follows that the right-hand-side of ( p.22| ) is well-defined. 

We claim that (ch(Ind(D)), ?]) = 77 (ch(y4(0))). To see this, we have 



(5.27) 



p e 



■ (poVop)^ 



p = I 



{(v')+)' 





7')+? 
7'^+^2 



(5.2^ 



5+ e ((^')+)' S+ 5+ e- «^')^)' P (/ + 
D e «^')^)' 5+ D e- «^')+)' P (/ + 5_) 



Then 



Tr (p e- p - po e- po) = Tr (5+ 5+) + 

Tr e P (/ + 5_ 



(5.29) 



_ p-(v-)^ 



from which the claim follows. 

Let us note that the terms beine; traced in (^^221) are in fact uniformly smoothing with 
respect to t, due to factors of the form S±. 

We now wish to write the analog of equation ( ^.18| ). Although ch{A{t)) is well-defined, it 
is not clear in the present setting that the integrand in ( ^.18|) is integrable for small t. Let 
us first do a formal calculation. With respect to ( ^.20|) , ( |5.26| ) and (5.27), we have 



dA 
lit 



D* 
D 



(5.30) 



and 



Tr, — 



Tr {D Z) 



De-(«^')+) 
tTr(^D j\--{i(y')^? + t'D*D) ([(v')-,D*] + ((V')+ - {V')-)D*) 



(5.31) 
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Modulo smoothing operators, 

D f\--iii^Tf + t'D'D) ([(v')-,/}*] + ((V')+ - m-)D*) e-(i-'^)((v-)^+t^^^*)rf^ = 

(5.32) 

l\-u{(y-? + t^DD*) ^ ([(V')-,i^*] + ((V')+ - {y')-)D*) e-(^-")((^-)' + *'^^*)rfw = 
Jo 

f e- " ((^")' + ^^*) [V-, DD*] e- ((^")' + ^^*) du. 
Jo 

Then 

V>^o / (5.33) 

Tr([V-,Z^Z^*]e-((^~)' + *'^^*)) = - ^ Tr (e" ((^')' + ^^*)) 
The upshot is that we can write 

ch(A(l)) - ch(A(0)) = 7^rf / ^Tr, f^e-^W') + ci Tr fe" ((^')' + ^^*))) cit, 

i[o,i] V V / ^ ^(-5.34) 

where the integrand in the right-hand-side of (|5.34|) , after the terms are appropriately 
grouped, is the trace of a smoothing operator that is continuous in t. Thus rj (ch(y4(0))) = 
^(ch(A(l))). 

Next, we perform a linear homotopy from A{1) to As the 0-th order part of 

D* 



the super connect ion always equals ^ j during this homotopy, it is easy to justify the 

formal superconnection argument, using ( |5.18| ), that r/ (ch(yl(l))) = rj (ch(Af**™"*)) . This 
proves the proposition. □ 

5.3. Fiber Bundles over Cross-Product Groupoids. Using the notation of Section H, 
put 21 = n* = n^{B,B'^), S = C^4M;E), 2t = End^oo(B,B^) {c^4M;Eyj 

and 

n* = Homg^^(5^g.) (C^4M;E), n*{B,B'^) ®c^(b^b-) C^^{M;E)j . 

Define the index projection as in (|5.9| ). Let ?7 be a closed graded trace on Q*{B, B'^). Then 
we can go through the same steps as in the proof of Proposition ^ to conclude 

Theorem 3. 

(ch(lnd(Z})),^ = (7^Tr,,<e>(e-^'),r/). (5.35) 

We note that we use finite-propagation-speed estimates in order to know that we can carry 
out the arguments in Q*. That is, we use the fact that if / G S*^°°^(M) is a function whose 
Fourier transform f{k) has exponential decay in \k\ then the Schwartz kernel f{sQ){z,w) 
has exponential decay in d{z,w). In order to obtain uniform decay estimates in the analog 
of the last step of Proposition ^, as in Theorem 9.48] we use the fact that in the n-th 
order term of the Duhamel expansion of e~ , there is always a factor of the form e~ * 
with r > 
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Putting together Theorems |^ and ^, we obtain 
Theorem 4. 

(ch(Ind(D)),?7) = [ l(TJ^) ch(V) (5.36) 

If Z is instead odd-dimensional then one can prove Theorem ^ by a standard trick involv- 
ing taking the product with a circle. 

Corollary 2. Let A be a suhalgehra of the reduced cross-product C*-algehra Cq{B) F 
which is stable under the holomorphic functional calculus in Cq{B) F and which contains 
C°°{B,B'^). Let rj be a closed graded trace on Q*{B,Cr) which extends to give a cyclic 
cocycle on A. Suppose that TZ is spin and that g^^ has fiberwise positive scalar curvature. 
Then j\jA{TJ^) u*% = 0. 

Proof. Let D be the pure Dirac operator. As is a closed graded trace on Q*{B,Cr), it 
gives rise to a cyclic cocycle on C^{B) xi F through its character Section Ill.l.a]. By 
assumption, this has an extension rj' to A. Now we have Ind(D) G K*(Co(-B) x^F) = K*(^). 



Then (|5.36|) becomes 

(Ind(D),V) = [ A{TJ^)u*<l>^. (5.37) 
Jm 

However, by the Lichnerowicz argument, lnd{D) = 0. The corollary follows. □ 

Suppose that B = S^, with F acting by orientation- preserving diffeomorphisms. There 
is a left action of F on Q^{B). Let v G Q^{B) be a volume form. Define a closed graded 
trace on fi*(S,CF) by 

r]{f go dgi dg2) = f (in — - — dln ^"^^ - In ^ din- 



B V %9i-v go-v go-v gm-vj ^^^^g^ 

Then z/*$^ is proportionate to the Godbillon-Vey class GV G H^(M; R) g. Chapter III.6./3, 
Theorem 17]. Furthermore, the hypotheses of Corollary ^ are satisfied P, Chapter III.7./3]. 

Corollary 3. Suppose that B = ,T acts on B by orientation-preserving diffeomorphisms, 
TZ is spin and g^^ has fiberwise positive scalar curvature. Then j^,jA{TJ^) GV = 0. 

In general, if dim(i?) = q and the action of F on 5 is orientation-preserving then one 
can write down a closed graded trace r] on Q*{B, CF) so that z/*$^ is proportionate to the 
Godbillon-Vey class GV G H^'^~*'^(M; M), and the above results extend. 

6. Etale Groupoids 

In this section we generalize the results of the previous sections from cross-product 
groupoids to general smooth Hausdorff etale groupoids. In Subsection ^TI| we explain in 
detail how, in the case of cross-product groupoids, the expressions of this section specialize 
to the expressions of the previous sections. 

We follow the groupoid conventions of Sections II. 5 and 111.2.5]. Let G be a smooth 
Hausdorff groupoid, with units G^'^\ We suppose that G is etale, i.e. that the range map 
r : G ^ G^^'^ and the source map s : G ^ G^^^ are local diffeomorphisms. To construct 
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the product of 70, 7i G G, we must have 5(70) = ^(71). Then r(7o7i) = r(7o) and 
s(7o7i) = s(7i). Given x E G^, put = r-\x), = s-\x) and = G^nG^. 
Given /o, /i G G^{G), the convolution product is 

(/o/i)(7) = Yl /o(7o) /i(7i). (6.1) 

7071 = 7 

The sum in (|6.1|) is finite. 

We write G^"-* for the ra-chains of composable elements of G, i.e. 

G(«) = {(7,,... eG" : s(7i) = r(72),--- ,s(7n-i) = r(7„)}. (6.2) 

As G is etale, G^"-* is a manifold of the same dimension as G. As in Section III.2.5], we 
define a double complex by letting Q'^'"'{G) be the quotient of fl"^ (G^*^"^^^) by the forms 
which are supported on {(70, . . . ,7n) : 7j is a unit for some j > 0}. The product of 
ui e fi*'"i(G) and G 0*'"2(G) is given by 

(t^lt^2)(70, • • • ,7ni+n2) = X] ^1(70, • • • ,7ni-l,7) A ^^2(7' ) 7ni+l5 • • • 5 7ni+n2/ 

77' = 7ni (6-3) 

((-1)"-^ ^ .;i(7,7',7i,...,7„,_i) + 

V 77' = 70 

(-l)"^-2 J2 ^1(70, 7, 7', 72, • • • , 7ni-l) + • • • + 
77' = 71 

^ tui(7o, • • • ,7ni-2,7,7') A ^^2(7 

77'=7ni-l / 

In forming the wedge product in (6.3), the maps r and s are used to identify cotangent 
spaces. The first differential di on n*'*(G) is the de Rham differential. To define the second 
differential ^2, let XgC) ^ C°°{G) be the characteristic function for the units. Then 

(c?2C^)(7o,--- ,7n+i) = Xg{o)(7o)^(7i,--- ,7n)- (6.4) 

We let ^1{G) denote the GDA formed by the total complex of n*'*(G). 

Let P be a smooth G-manifold P, Section II. 10. a, Definition 1]. That is, first of all, there 
is a submersion vr : P ^ G^^\ Given x G G^^\ we write = n^^(x). Putting 

P Xg(o) G = {(p,7) G P X G : p G (6.5) 

we must also have a map P X(;j(o) G ^ P, denoted (p, 7) — > P7, such that p7 G and 
(P7i)72 = p(7i72) for all (71,72) G G^'^\ It follows that for each 7 G G, the map p ^ p'f 
gives a diffeomorphism from Zr[-y) to .^s(^). The groupoid Q = P y\ G has underlying space 
P x^(o) G, units = P and maps r(p, 7) = p and s(p, 7) = p7. 

We assume that P is a proper G-manifold, i.e. that the map P Xq(o) G ^ P x P given by 
{Pi 7) ^ (P, P7) is proper. Then ^ = P x G is a proper groupoid, i.e. the map Q 
given by 7 — >• {r{'j), s{'y)) is proper Section II. 10. a. Definition 2]. We also assume that 
G acts cocompactly on P, i.e. that the quotient of P by the equivalence relation {p ~ p' if 
p = p'7 for some 7 G G) is compact. Equivalently, Q = P x G is a cocompact groupoid, 
i.e. the quotient of Q^'^^ by the equivalence relation (x ~ x' if {x,x') = (^(7), 3(7)) for some 
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7 e ^) is compact. Finally, we assume that G acts freely on P, i.e. that the preimage of 
the diagonal in P x P under the map P Xg(o) G — > P x P equals P x^(o) Equivalcntly, 
Q = P X G is a free groupoid, i.e. the preimage of the diagonal in Q^^^ x under the 
map (r,s) : G Q^^^ x g^°^ equals G^^l 

Now let Q be any free proper cocompact etale groupoid. The product C^{Q)xC^ {G^^^) 
^^(0)^ jg given exphcitly by 

{fF){x) = Y.mF{s{^)). (6.6) 
We wish to define a connection 

yean . ^oo ^g(0)^^ ^ ^l(^) ^^^^^^ ^oo ^g(0)^^ ^g_7) 

To do SO, we use isomorphisms nl'%g) ®c^(^g) (^?(°)) = Q}^ (^W) and ^l^^ig) ®c^{g) 
C~ (^(°)) = C^{Q)/C^{<3^^'^). The latter isomorphism is realized by saying that the image 
of a; ® P in C~(^)/C~(^(°)) is given by 

(u;P)(7o) = J] a;(7, 7)^(^(70)) - ^ a;(7o, 7) ^^(^(7)) (6-8) 

77' = 70 TSg^'To) 

for 7o ^ Then with this isomorphism, the multiplication 

CT{Q) X {^l'\g) ®c^^g) (^(°))) ^ ^'/{g) ®c^^g) (^(°)) , (6.9) 
i.e. the multiplication 

is given by 

(/■^)(7o) = E /(7)W)-/(7o) E ^(7) (6.11) 
77' = 70 7e6''('i'o) 

for 70 ^ 

More generally, there is an isomorphism between Q^'"(^) ®c^{g) (Q^^^) and the quo- 
tient of (^^"^) by the forms which are supported on 

{(70, ■ ■ ■ , 7n-i) : 7j is a unit for some j > 0}, 
under which the image oi cu <S> F is given by 

(wP)(7o, ... ,7n-i) = a;(7,7',7i,... ,7„_i)P(s(7„_i)) - (6.12) 

77' = 70 

'^(70, 7, 7', 72, ■ ■ ■ , 7n-l) P(s(7n-l)) + . . . + 

77' = 71 

(_l)n-l ^ ^(^^^ . . . ^ y) P(s(7n-l) + 

77' = 7n-l 

(-1)" J2 a;(7o,--- ,7n-i,7)i^(«(7)) 

for7o,... ,7n-i^^?(°). 
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Now let h e (^?(°)) satisfy 

E M^(7)) = 1 (6.13) 
for all X G Then there is a connection 

yean _ yl,0 ^ yO,l (g^^4) 

on (6?(o)) where V^'%F) E ill (^(o)) is the de Rham differential of F e (^(o)) and 
VO,i(F) e n°/{g) ®cr{Q) (^^^°^) = C-(^;)/C-(^;(o)) is given by 

(V'^'^(F))(7o) = F(r(7o)) /i(«(7o)) (6.15) 

for7o^e?(°). 

One sees that (V^'^")' G Homc7-(c7) (C~ (^(o)) , ^^^^^^^ C"^ (^(o))) acts on C,°° (^(o)) 

as left multiplication by a 2-form G which commutes with C^{ff). Explicitly, G — G^'^ + G°'^ 
where 

e^'^(7o,7i) = - Xg(o)(7o7i) c^'^^^'""/i(5(7o)) (6.16) 

and 

0°'^(7o, 71,72) = - Xgw (707172) ^(s(7o)) /i(s(7i)) (6.17) 

for 71,72 ^ Put 

ch(V^'^") = e- ^ G Endf,.(g) {prXQ) (^^°^)) . (6.18) 

Then the abelianization of ch(V'^"") is closed and its cohomology class is independent of the 
choice of h. 

Now suppose that G acts freely, properly and cocompactly on P. Give P a G-invariant 
fiberwise Riemannian metric. An element K of Endc7;?o(G)(C'^(-P)) has a Schwartz kernel 
i^(p|p') with respect to its fiberwise action, so that we can write 

{KF){v)= [ K(p\p') F(p') dvolz^^^^. (6.19) 

Let End^oo(Q) (C^(P)) denote the subalgebra of Endc^(^G){C^{P)) consisting of elements 
with a smooth integral kernel. 
Let G C^{P) satisfy 

E 0(P7) = 1 (6.20) 

for all peP. Define a trace Tr<e> on Endc^^a)iC^iP)) by 

TV<,>(X)(7o) = /" <f>{p)K{p\p)dyolz^^, (6.21) 

for 7o G G^^^. Then Tr<e> takes value in [goo^g) (^(g)] concentrated at the units. 

Put 

X, P = {(70, . . . ,7n-i,p) e G(") X P : p G (6.22) 
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There is an isomorphism, as in (6.12), between ®c^(g) C^{P) and the quotient of 

Qm^Q{n) Xg P) by the forms which are supported on 

{(To, ■ ■ ■ , 7n-i,p) : 7i is a unit for some j > 0}. (6.23) 

Consider the Z-graded algebra 

Hom-^(G) (Cr (P), n:{G) ^CT(G) C^iP)) (6-24) 

consisting of elements K of Romc^i^G) {C^{P), ^HG) ®cj°(g) C^{P)) with a smooth inte- 
gral kernel. Using the above isomorphism, the kernel of an element K can be written in the 
form 

i^(7o, . . . ,7n-i,p|p') e A"^(T;(^„)G(°)) (6.25) 

where (70, . . . ,7n-i,p) ^ G^'') P, 7o, ■ ■ ■ ,7n-i ^ G^o), and p' e ^r(7o)- The action of K 
on C^{P) is given by 

(XF)(7o,... ,7n-i,p) = / i^(7o,--- 

-^^-(70) (6.26) 

for 7o, ■ ■ ■ , 7n-i ^ G^^\ Then there is a trace 

IV<,> : Hom-^(e) (Cf (P), ni{G) ®c.-(g) (P)) - 1^:(G)„, (6.27) 

given by 

IV<e>(ii:)(7o,--- ,7n) =XG(o)(7o---7n) / 0(p) (6-28) 

Xg(o)(7o) XI ^(7i,--- ,7n-i,7,P(7')"^|p) - 

77' = 7™ 

Xg(o)(7o) Y1 ^(7i,--- ,7n-2,7,7',P(7n)"^b) + 

77' = 7n-l 

Xg(o)(7o) Y1 ^(7i,--- ,7n-3,7,7',7n-l,P(7n)"^|p) + 

77' = 7n-2 

... + 

(-ir"'xG(o)(7o) J] i^(7,7',72,--- ,7n-i,p(7n)"'|p) + 

77' = 71 

(-1)'' ^(70, • • • ,7n-l,p(7n)"Np)] C?V0lz^(^^). 

Let L be a topological space which is the total space of a submersion a : L ^ G^^\ We 
suppose that each fiber = (t~^{x) is a complete length space with metric dx- We also 
assume that G acts isometrically, properly and cocompactly on L. Let i : G — > L be a 
G-equi variant map, not necessarily continuous. That is, for each x & G^'^\ i sends G^ to 

and for each 7 G G, the composite map Gj.(-y) — ^ ^'^(-y) — ^ -^5(7) equals the composite map 

Gj.(-y) — > Lr(-y) — > Ls('y). Wc assume that i is proper in the sense that the preimage of a 
compact set has compact closure. Note that i gives a possibly-discontinuous section of a. 
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We assume in addition that for any compact subset K of G^^\ i{K) has compact closure. 
(The existence of L, a and i is a definite assumption.) Define a "length function" on G by 

^(7) = 4w(^(s(7)),^(7)), (6.29) 

where we think of 7 and 3(7) G G^^^ as living in Gs(y)- Then /(7071) < /(70) + ^(7i)- 
Furthermore, for each x G G^'^\ the restriction of / to Gx is proper. 
Let C^{G) be the set of / G C°°(G) such that 

1. s* f has support in some compact subset K of C-^^ and 

2. For all g G Z+, 

sup sup e'''(^V(7)l < 00, (6-30) 

along with the analogous property for derivatives. Then C'^{G) is an algebra with the 
same formal multiplication as in ( |6.1| ). It is independent of the choices of L and i; com- 
pare pO|, Proposition 3]. We define f^* (G) similarly. That is, first define s„ on by 
s„(7o, . . . ,7n) = s(7„). Let il^'"(G) be the elements uj of l]'"(G"+i) such 

1. s*j^ijj has support in some compact subset K of G^^^ and 

2. For all g G Z+, 

sup sup e'?'(^«-^"V(7o, ••• ,7n)| < 00, (6.31) 

^^•G-'^(7o,-,7n)es-i(x) 

along with the analogous property for derivatives. Let f2^(G) be the quotient of r2^'"(G) 
by the forms which are supported on {(70, . • . ,7n) : 7j is a unit for some j > 0}. Then 
fi* (G) is a GDA, with the same formal multiplication as in (6.3). 

Suppose now that G acts freely, properly and cocompactly on P as before. Put 

C^{P) = C^{G) ®c-iG) CT{P). (6.32) 

Using the cocompactness of the G-action on P, the elements of C^{P) can be characterized 
as elements F G G°°{P) such that for any x G G^^\ p E and q G Z"'', we have 

sup e«'^(^'^) \F{z)\ < 00, (6.33) 

along with the analogous property for the covariant derivatives of F. Let End^oo((j) {C^{P)) 
be the subalgebra of Endcso(G) {C^{P)) consisting of elements K with a smooth integral 
kernel K{z,w). Then the elements of End^oo(c.) '^^^ t)e characterized as the G- 

invariant elements K{z\w) G C°°{P X(j(o) P) such for any x G G(°) and g G Z+, 

sup e«'^("''") |i^(^k)| < 00, (6.34) 

along with the analogous property for the covariant derivatives of K. With the natural 
definition of Hom^oo(G) {C^{P), ^1{G) <^cy{G) G^(P)), an element K has a kernel as in 

( |6.25| ). The formula ( |6.21D extends to a trace Tr<e> : End^oo((^) [c°°(g) c^(g)] • 
formula (6.28) extends to a trace 

Tr<e> : Hom~^(^) (^^(P), Q^G) ^c^iG) ^^(P)) - ^UGU- (6.35) 
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If ii^ is a Z2-graded G-invariant Hermitian vector bundle on P, with an invariant Hermitian 
connection, then we can define C^{P; E) and a supertrace 

(6.36) 

We now choose a G-invariant vertical Riemannian metric g^^ on the submersion tt : P ^ 
G'''^^ and a G-invariant horizontal distribution T^P. Suppose that Z is even-dimensional. 
Let ii^ be a F-invariant Clifford bundle on P which is equipped with a G-invariant connection. 
For simplicity of notation, we asssume that E = S^0V, where is a vertical spinor bundle 
and V is an auxiliary vector bundle on P. More precisely, suppose that the vertical tangent 
bundle TZ has a spin structure. Let be the vertical spinor bundle, a G-invariant Z2- 
graded Hermitian vector bundle on P. Let V be another G-invariant Z2-graded Hermitian 
vector bundle on P which is equipped with a G-invariant Hermitian connection. Then we 
put E = ^V. The case of general G-invariant Clifford bundles E can be treated in a 
way completely analogous to what follows. 

Let Q denote the vertical Dirac-type operator acting on C^{P; E). From finite-propagation- 
speed estimates as in [|^, Pf. of Prop 8], along with the bounded geometry of {Zx}x£g^o), 
for any s > we have 

e-^^«^eEnd^^(^)(G-(Pj)). (6.37) 

Let 

^msmut . ^oo^p. p) ^ ^*(^(o)) CT{P; E) (6.38) 

denote the Bismut superconnection on the submersion n : P ^ G^'^^ Proposition 10.15]. 
It is of the form 

^Bismut ^ ^ _ J-c(T), (6.39) 

where V" is a certain Hermitian connection and c(T) is Clifford multiplication by the cur- 
vature 2-form T of the horizontal distribution T^P. We also denote by 

^msmut . ^oo^p. p) ^ ^^^^^^ ^oo(p. p) (g_4Q) 

its extension to G^{P; E). One can use finite-propagation-speed estimates, along with the 
bounded geometry of {-^xj^eGto) Duhamel expansion as in 0, Theorem 9.48], to 

show that we obtain a well-defined element e"^^^"™"*) . 

We now couple to the connection V'^"" in order to obtain a superconnection 

As : G:°(P; E) ^ ^1{G) ®c^^g) C^{P; E). (6.41) 

Let TZ be the rescaling operator on Qf^^^'^ (G) ab which multiplies an element of Vt^{G)ah by 
{2ni)~^. Doing a Duhamel expansion around e~ and using the fact that h has 

compact support, we can define 

e-^^ G Hom~.(^) (Gr(P; E), Q^G) ®c^^g) C^{P; E)) . (6.42) 
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and hence also define Tnis,<e> (e G ^l;iG)ab- From the superconnection formahsm ^ 
Chapter 1.4], 7^Tr,, 

<e> ( e " ) is closed and its cohomology class is independent of s > 0; 
see Theorem 3.1] for a detailed proof in the analogous case of 71 Tr^ (Af"'""*)^ j _ 

The proof of the next theorem is analogous to that of Theorem 0. 
Theorem 5. 

lim7eTr,,<e>(e-^') = / 1 (V^^) ch (v^) ch ( V^"") G 

\ J Jz ^ \ J ^g_43) 

Let us note that the right-hand-side of ( |6.43| ) pairs with closed graded traces on 
and not just closed graded traces on f2* (G). Let ?7 be a closed graded trace on VL*{G). 

Let EG denote the bar construction of a universal space on which G acts freely. That is, 
EG is the geometric realization of a simplicial manifold given by EnG = ^("+1), with face 
maps 

,/ X J(7i,--- ,7n) ifi = 0, 

[ (7o, . . . , 7i-i7i, • • • , 7n) if 1 < 2 < n 

and degeneracy maps 

Si(7o,--- ,7n) = (7o,--- ,7i, l,7i+i, • • •7n), < i < n. (6.45) 

Here 1 denotes a unit. The action of G on EG is induced from the action on EnG given by 
(70, . . . , 7„) 7 = (70, . . . , 7n7)- Let BG be the quotient space. Let n : EG G^^^ be the 
map induced from the maps EnG G^^^ given by (70, . . . ,7„) — > s(7„). Let J G C{EG) 
be the "barycentric coordinate" corresponding to the units G^^^ C i^oG. That is, for each 
X G TT ^(x) is a simplicial complex and J\^-i(^^-^ is the function on n ^(x) defined as 
in [pO| , (94)], with respect to the vertex x instead of the vertex e. Then for all p G EG, 
"^^(zG^iP) Jijn) = 1- Let V"""™ be the connection constructed as in ( |6.14| ), using J in place 
of h. Then pairing ch (V""*'') with 77, we construct an element $^ G H*(i?G). 

Put M = P/G, a compact manifold. It inherits a foliation JF from the submersion 
71 : P ^ G^^\ Let u : M ^ BG be the classifying map for the G-action on P. Put 
V = V /G, a vector bundle on M. By naturality. 



( / (j){z) A (V^^) ch (v^) ch (V^"^") ,//)=/ A{TJ^) ch{V) 1^*$^. 



(6.46) 



As in the proof of Theorem ^, we obtain 
Theorem 6. Let r] be a closed graded trace on i7* (G). Then 

(ch(Ind(D)),?7) = / l(rj^) ch(V) z/*<l>^. (6.47) 

Remark : Theorem |^ also follows from p. Section III. 7.7, Theorem 12]. 

Corollary 4. Let M" be a compact manifold with a codimension-q foliation T . Let V 
be a vector bundle on M and let D be a leafwise Dirac-type operator coupled to V . Let 
H*(TrjF) denote the Haefliger cohomology of (M, JF) [O. Recall that there is a linear map 
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: H*(M) H* "^^(TrjF). Let t] be a holonomy-invariant closed transverse current. 
Then 

(ch(Ind(D)),i7) = {j A{TT)c\i{V),7]). (6.48) 

Proof. Let Ti be the holonomy groupoid of with source and range maps s-j^i^r-j^: Ti ^ M 
1^, Section II. 8. a]. Let T be a complete transversal for T. That is, T is a g-dimensional 
submanifold of M, not necessarily connected, which is transverse to and has the property 
that every leaf of (M, JF) intersects T. Put G = r^{T) fl s^^(T), the reduced holonomy 
groupoid. That is, an element of G is an equivalence class of smooth leafwise paths in M 
from T to T, where two paths are equivalent if they have the same endpoints and the same 
holonomy. The units are G^'^'^ = T. 

Put P = Sy^{T). Define n : P ^ G^^^ to be the restriction of s-^ to P. Then for x G T, 
7r^^(x) is the holonomy cover of the leaf through x, which we give the induced Riemannian 
metric. One can see that G acts freely, properly and cocompactly on P. 

Put L = P, a = 71 and let i : G — > L be the inclusion from r^{T) fl s^{T) to s^{T). 
It is easy to check that {L,a,i) satisfies the requirements to define f2*(G'). Then rj defines 
a closed graded trace on (G). The right-hand-side of (|6.47|) becomes the right-hand-side 
of (HD. □ 



Remark : In order to prove Corollary ^, we do not have to assume that the holonomy 
groupoid is Hausdorff. This is because the pairing with the transverse current t] amounts 
to an integration over C^^^ = T. Because of this we are effectively dealing with forms of 
the type i7*'°(G), and so the Hausdorffness of G does not play a role. 

Remark : To see the relationship between Corollary ^ and Connes' index theorem for 
a foliation with a holonomy-invariant transverse measure n [§, Section 1. 5. 7, Theorem 7], 
let RS e H„_q(M;M) denote the Ruelle- Sullivan current associated to /i Section 1.5. P]. 
Then (/_^1(TJ^) ch(F),/i) = {A{T ch{V), RS). 

Remark : In some cases of foliations, a heat equation proof of Corollary ^, using the 
Bismut superconnection, was given in |jl5| . 



Corollary 5. Let A be a subalgebra of the reduced groupoid C*-algebra G*{G) which is 
stable under the holomorphic functional calculus in C*{G) and which contains C^{G). Let 
rj be a closed graded trace on fi*{G) which extends to give a cyclic cocycle on A. Suppose that 
TZ is spin and that g^^ has fiberwise positive scalar curvature. Then j^^ A{TJ^) z/*$^ = 0. 

Suppose that dim(G*^°'') = 1, with G acting on G^^^ so as to preserve orientation. Let 
V G VL^{G^^^) be a volume form. With a hopefully-clear notation, define a closed graded 
trace on f2*(G), concentrated on f2°'^(G), by 

r]{uj) = / a;(7o, 71,72) In din In din- 



Then z/*$^ is proportionate to the Godbillon-Vey class GV G H^(M; M) §, Chapter III.6./3, 
Theorem 17]. Furthermore, the hypotheses of Corollary ^ are satisfied |]^, Chapter III.7./3]. 
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Corollary 6. Suppose that dim(G*^'''*) = 1, G acts on G^^^ so as to preserve orientation, 
TZ is spin and g^^ has fiberwise positive scalar curvature. Then Jj^jAiTJ-") GV = 0. 



In general, if dim(G*^°^) = q and the action of G on G^^^ is orientation-preserving then 
one can write down a closed graded trace rj on ^*{G) so that z/*$^ is proportionate to the 
Godbillon-Vey class GV G H^''^^(M; M), and the above results extend. 

Corollary 7. Let M be a compact manifold with a codimension-q foliation T . We assume 
that the foliation is tranver sally orientable and that TJ-' is spin. We also assume that the 
holonomy groupoid of the foliation is Hausdorff. Let g^-^ be a leafwise metric on (Af, JF). // 
g^-^ has positive scalar curvature on the leaves then jj^,j A{TJ^) GV = 0. 

Proof. Let T be a complete transversal for JF. Let G be the reduced holonomy groupoid. 
Then the corollary is an application of Theorem p. □ 

Remark : Corollary also follows from Section 111.7. (3, Corollary 10]. 
6.1. Translation. In this subsection we show how the results of Section ^ specialize to 



those of Section in the case when the groupoid comes from the action of F on B. We use 
the notation of Section |^. 

We put G = B X r, with G^^^ = B, r{b,j) = b and 5(6,7) = A form 




(6.50) 



go,--- ,gn 



gets translated to the form uj G Q*{G) given by 

uj{{bo,go),. . . ,{bn,gn)) = Vgo,-,gn{bo)- 
Then the product (6.3) is equivalent to the calculation 



(6.51) 




go,--- ,gn,g'o,--- ,g'^, 




go,--- ,9n,9o,.-- ,g'„, 



[go dgi... digng'o) dg'i... dg'^, + ...+ (-1)" g^gi dg2 . . . dgn dg'^... dg'^,] . 



(6.52) 



The differential d, given by 




'de Rham 





'n 



(6.53) 



go,--- ,gn 



becomes the sum of di and the differential ^2 of (|6.4[). 
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Take P = M. Then Q = M xT. The product ( |6.6| ) becomes 

{{Y,f,9)F){p) = Yl fMnPg)- (6.54) 



We illustrate the right-hand-side of (|6.54| ) by the diagram p < — pg. Equation (|678|) is the 
translation of 

(Yl f 90^91 90 dgi) F = I ^ ^0 C^^l (^O^l)"^ ■ fgo,gi 1 F 
90, gi \go,gi / 

Y l^idogi) - dgo gi] {gogiY^ ■ fgo,g, j ■ F 

90,31 / 

= Yl ^(9ogi) {{go9iy^ ■ fgo,gi) F^Y^go {go^ ■ fgo,gi) (^1 " F) 
90,91 90,91 

= Y d9 {g-' ■ fgo,gi) F-Ydg (^"^ " ^,3') " F), 

9091 =9 9,9' (6.55) 

or 

CY f 90,91 go dgi) fHp) = Y ^3 f9o,giipg'^) f{p) - Y dgfg,g'{pg'^) F{pg'). 

90,91 / 9091 =g g,g' (6.56) 

We illustrate the right-hand-side of ( |6.56|) by the diagrams pg^^ pgi^ P and 
pg^^ p pg'. Equation ( |6.11|) is the translation of 

(Y ^9 g) CY dg'^9') = Yf9g dg' ^g' 

9 9' 9,9' 

= Y^dg' {{ggT^ ■ fg) ^9' 

9,9' 

= Yi^igg') - dg g'] iiggT' ■ fg) J'g' 

9,9' 

= Y d{gg') {{gg'Y' ■ fg) ^g' - E " ^9) W ■ ^9') 

9,9' 9,9' (6.57) 



or 



iY f9 g) CY ^9') I (P) = Y fgipgo') J'g'iP) - 

99' = 90 

Y^9 -fgipg-') Y^9'ipg')- (6-58) 
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We illustrate the right-hand-side of (6.58) by the diagrams pQq ^ p{g') ^ P and 
pg~^ p pg' . Equation (6.12) is the translation of 

(^?3o,...,9n fi'o dgi... dgn) F = [d{gogi) ...dgn - dgo d{gig2) ...dgn + ... + 

(-1)"^^ dgQ... d{gn-ign) + (-1)" dgo... dg^-i gn] 

{{go---gn)~^ ■Vgo.-^gn) F 
= [d{gogi) ■■■dgn - dgo d{gig2) ■■■dgn + ... + 

(-1)"'^ c?^o • • • d{gn^ign)\ {{go ■ ■ ■ gn)~^ ■ Vgo,- ,gn) F + 

{-IT dgo^^^dgn-l ((^O • • • ^n-l)"^ " ^!?0,...,9n) {9n- F). 

(6.59) 

Equation (|6.15|) is the translation of 



(V(°'^)F)(p) = r£dgh{g-'-F)\{p) = J^dg Hp) F{pg-'). 
\ g / g 



(6.60) 



We illustrate the right-hand-side of (|6.60|) by the diagram pg^^ p. Equations ( |6.16| ) and 
( 16.171 ) are the translations of (2.39). Equation (|6.21| ) is the translation of (|3.12|) . Equation 
(6.28) is the translation of 

Tr<e>(i^)(&) = ^ {dgi . . . dgi) go i (f){w) Kg^^,„^g^{wgo^,w) dvo\z,{f^)] 

go,gi,-,gi&-go-gi = e ' 

= [dgi ■ ■ ■ d{gigo) - dgi... d{gi^igi)dgo + ...+ 

90,91, ■•• ,9!er:go--9iSr(, 

(-1)'"^ d{gig2) ...dgi dgo + (-1)' gi dg2... dgo] 

(^j ^{w) Kg^^,„^gXwgo\w) dvo\z,{w)^ . (6.61) 

Choose a finite generating set for F. Let C be the corresponding Cayley graph, on which 
r acts on the right by isometrics. If B is compact, put L = B x C. Let i : G L he the 
natural inclusion B x T ^ B x C. (In this case, the requirements on L and i are satisfied 
because r is finitely-generated.) Then C^(G) = C°^{B,B^), ni{G) = fi*(5,i3^)and 

We have EG = FT x B. If po : FT x B FT is the projection map then J = Po{j). 
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